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Graphical abstract. A Golomb ruler is a set of integer marks whose pairwise differences are all distinct. We
prove the minimum possible length for every order from 2 to 11 with an exhaustive depth-first branch-and-
bound search that certifies optimality by ruling out all shorter candidates. Every reported length matches
the published optimum (OEIS A003022); the largest instance (order 11, length 72) is settled by examining

1.37 x 107 search nodes.

Abstract

A Golomb ruler is a set of integer marks whose pairwise differences are all distinct; it is
optimal for its order—the number of marks—if no shorter ruler of that order exists. Establish-
ing optimality is far harder than finding a short ruler, because it requires certifying that the
entire space of shorter candidates is empty. We present a self-contained study that constructs
and proves optimal Golomb rulers for every order from 2 to 11 using a recursive depth-first
branch-and-bound search. The search is hardened with three standard accelerations—a reflec-
tion symmetry break that discards mirror-image rulers, an arbitrary-precision bitmask that
tracks used pairwise differences in constant time per test, and lower-bound pruning in which the
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A Reproducibility and Search Instrumentation

proven optimal length of each smaller order tightens the search for the next—and it is fully in-
strumented to count every candidate configuration examined and to measure wall-clock runtime.
For each order we report the optimal length, one optimal set of marks, the number of search-tree
nodes examined, and the runtime. Optimality is certified by the completed exhaustive traversal
rather than recited from tables: the known optimal lengths are used only as an independent
check applied after each search terminates. All ten optimal lengths (1, 3, 6, 11, 17, 25, 34, 44,
55, 72) match the published values in OEIS A003022 exactly, with no discrepancies, and every
returned ruler is re-verified to be a valid Golomb ruler. The search cost grows exponentially,
by an average factor of about 7.6 per order, spanning seven orders of magnitude in examined
nodes and eight in runtime; the largest instance, order 11 (length 72), is settled by examining
1.37 x 107 configurations in roughly 145 seconds. The highest order for which optimality is
proven is 11.
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1 Introduction

A Golomb ruler is a set of integer marks placed on a line so that no two pairs of marks are separated
by the same distance; equivalently, every pairwise difference between marks is distinct. Named after
Solomon W. Golomb, whose work on combinatorial designs and shift-register sequences popularised
the structure [4, 15], the object is identical, up to translation, to a finite Sidon set or By sequence
studied decades earlier in additive number theory by Sidon [28] and Erdds and Turan [12]. A ruler
is called perfect if its differences realise every integer from one up to its length exactly once; such
rulers exist only for order four or fewer, and for all larger orders one instead seeks the optimal ruler:
the one of minimum possible length. Determining that length, and certifying that no shorter ruler
of the same order can exist, is a deceptively hard computational problem that is the subject of this
report.

The practical appeal of Golomb rulers stems directly from their defining property. Because
every pairwise distance is unique, placing physical resources at ruler marks produces conflict-free
spacings in whichever domain the marks are interpreted. The earliest engineering use, due to
Babcock [2], assigned radio channel frequencies to ruler marks so that third-order intermodulation
products generated by nonlinear receivers never coincide with an in-band channel; the same idea
underlies carrier-frequency assignment for nonlinear repeaters [1]. In radio astronomy and array
signal processing, antennas positioned at ruler marks form minimum-redundancy linear arrays
whose baselines sample distinct spatial frequencies, maximising the information a fixed number
of elements can extract about the sky [4, 22]. The construction further appears in the design of
convolutional self-orthogonal error-control codes [25], in the two-dimensional Costas arrays used
for radar waveform design [5], and in sensor placement, X-ray crystallography, and wavelength
allocation for optical networks where four-wave-mixing crosstalk must be suppressed; comprehensive
surveys of these applications, the available construction methods, and the Sidon-set connection are
given by Dimitromanolakis [7] and Drakakis [10]. A recurring theme across these domains is that
only rulers of modest order are needed in practice, but that knowing the optimal ruler for that order
is valuable because it minimises the physical span—bandwidth, aperture, or cable length—required
to realise the design.

Finding an optimal Golomb ruler is easy to state but combinatorially explosive to solve. There
is no known polynomial-time construction that yields the shortest ruler for arbitrary order, and
while the general optimisation problem has not been proven NP-hard in its canonical form, several
closely related decision variants—such as deciding whether a given set contains a Golomb sub-ruler
of prescribed size—are known to be NP-hard [21]. Consequently every optimal ruler beyond the
smallest orders has been established by explicit computer search rather than by formula. His-
toric milestones include Shearer’s exhaustive computations of the optimal rulers for orders fourteen
through sixteen [27], the parallel search of Dollas, Rankin, and McCracken that settled order nine-
teen [9, 24], and the massively distributed volunteer-computing campaigns of distributed.net’s
Project OGR, which have certified optimality up to order twenty-eight over years of aggregate
runtime [8]. The canonical list of proven optimal lengths is curated as sequence A003022 in the
On-Line Encyclopedia of Integer Sequences [23]. The difficulty is not in finding a short ruler—good
heuristics and constraint solvers do that quickly—but in proving that no shorter ruler exists, which
requires exhaustively eliminating, directly or by pruning argument, every candidate of smaller
length.

This report documents a self-contained study that constructs and proves optimal Golomb rulers
for every order from 2 to 11. We implement a recursive depth-first branch-and-bound search
hardened with three standard accelerations—a reflection symmetry break, bitmask-based difference
tracking, and lower-bound pruning driven by previously proven orders—and we instrument it to



count every candidate mark placement examined and to measure wall-clock runtime. The rulers
reported here, and the optimality certificates that accompany them, are produced entirely by the
program: the known optimal lengths from A003022 are used only as an independent check on the
answers, never as an input that shortcuts the proof. For each order we report the optimal length,
one optimal set of marks, the number of search-tree nodes examined, and the runtime, and we
confirm that all ten lengths match the published values. We then analyse how the search cost
scales, observing a roughly six- to eightfold growth in examined nodes per unit increase in order,
punctuated by a sharper seventeenfold jump entering order 11, where the proof required examining
1.37 x 107 candidate configurations in about 145 seconds. The highest order for which optimality
is proven here is 11.

The remainder of the report is organised as follows. Section 2 formalises Golomb rulers, optimal-
ity, and the elementary bounds that frame the search. Section 3 describes the branch-and-bound
algorithm and each of its accelerations in detail, with pseudocode. Section 4 presents the com-
plete results table for orders 2—11, the verification against A003022, and an ablation of the pruning
components. Section 5 analyses the empirical growth of the search tree and runtime. Section 6
situates the findings against the historical record and discusses limitations, and Section 7 concludes.
Appendix A gives the reproducibility details and the exact instrumentation used to account for the
search.

2 Problem Definition and Preliminaries

We begin by fixing notation and stating the elementary facts that the search exploits. Throughout,
marks are non-negative integers and rulers are written in increasing order with the first mark
normalised to zero.

Definition 1 (Golomb ruler). A Golomb ruler of order m is a set of m integers {a1,as,...,am}
with
OD=a1<ags << amy

such that the (Tg) positive pairwise differences aj —a; for 1 <i < j < m are all distinct. The length
of the ruler is its largest mark, L = ay,.

The requirement that all (%)) differences be distinct is what makes the object rigid: a ruler
of order m “uses up” ('y) distinct positive integers as differences, and since the largest possible
difference is the length L, no Golomb ruler of order m can be shorter than (). This gives the

trivial lower bound
m m(m — 1)
L > = — - 1
(m) > (2) — (1)

which is attained with equality only by the four perfect rulers of orders one through four. For orders
five and above no perfect ruler exists, so the optimal length strictly exceeds the triangular bound
and must be found by search. Normalising a; = 0 costs no generality because translating every
mark by a constant preserves all differences; the only remaining freedom is reflection, discussed
below.

Definition 2 (Optimal Golomb ruler). A Golomb ruler of order m is optimal if its length equals
L*(m) = min{an, : {0,a2,...,am} is a Golomb ruler of order m }.

Proving that a ruler is optimal therefore requires two things: exhibiting a valid ruler of length L*(m),
and certifying that no Golomb ruler of order m has length strictly less than L*(m).



The second obligation is the crux of the problem and the reason the task is computationally
demanding. Exhibiting a short ruler is a matter of luck or a good heuristic, but certifying optimality
is a statement about the entire (finite but astronomically large) space of candidate rulers of a given
length. Our search discharges this obligation constructively: it enumerates, with aggressive pruning,
every length value from the trivial lower bound upward and, for each, either finds a ruler or proves
none exists, stopping at the first length that admits one.

Two structural observations underpin the accelerations of Section 3. First, reflection symme-
try: if {0,a9,...,an} is a Golomb ruler of length L, then its reflection {0, L — ay,—1,...,L—ag, L}
is also a Golomb ruler of the same length, since reflection merely relabels each difference d as d.
Every ruler thus comes paired with its mirror image, and the two are distinct unless the ruler is
palindromic—which, for a Golomb ruler, would force two gaps to be equal and hence is impossible
for m > 3. Restricting the search to one representative of each mirror pair therefore removes exactly
half of the solution space without losing any optimum; the finer combinatorial structure underly-
ing such counting—for instance, the number of Golomb rulers of a given length—has itself been
enumerated exactly via a correspondence with acyclic orientations of graphs [11]. The standard
canonical choice requires the first gap to be strictly smaller than the last,

ag — a1 < Qm — Gm-1, (2)

and exactly one of a ruler and its reflection satisfies inequality (2).

Second, sub-ruler monotonicity: any contiguous suffix of the marks of a Golomb ruler is itself
a Golomb ruler of smaller order. If r marks remain to be placed from the current position to the end
of the ruler, those r marks form a sub-ruler whose span is bounded below by the optimal length of a
ruler of order r—a quantity we already know exactly for every order below the one currently being
solved, and which otherwise falls back to the triangular bound (1). This is precisely the relationship
that lets the optimal length of order m — 1 tighten the search for order m, and it is the source
of the lower-bound pruning described next. The relationship between Golomb rulers and Sidon
sets also imports asymptotic size bounds from additive combinatorics—the near-quadratic growth
L*(m) ~ m? is consistent with the Erdés-Turdn and Lindstrom bounds f(N) = v/N + O(N/4)
on the size of the largest Sidon subset of {1,...,N} [3, 12, 20]—but these asymptotics inform
expectations rather than the exact small-order proofs pursued here.

3 Methodology: Branch-and-Bound Search

Our solver certifies the optimal length of each order by a recursive depth-first branch-and-bound
search over partial rulers. Branch-and-bound is the classical framework for exact combinatorial
optimisation [18, 19]: the search maintains an incumbent (the best complete solution found so far)
and explores a tree of partial assignments, discarding any subtree that provably cannot improve
upon the incumbent. Realised as depth-first backtracking with state changes undone on ascent, it
is the structured-search backbone common to exact combinatorial solvers [16, 26]. For the Golomb
ruler problem the tree is the set of prefixes {0, a,...,a;} that are themselves valid Golomb rulers;
a node at depth k represents having committed to the first £ marks, and its children correspond
to the admissible choices for mark k£ + 1. The approach is well established for this problem, having
been formalised as a constraint-satisfaction model by Smith, Stergiou, and Walsh [30] and as a
dedicated constraint-programming search by Galinier et al. [13]; our implementation follows the
same principles while remaining a compact, self-contained program whose every pruning decision
is instrumented and counted.



3.1 Search structure and incumbent seeding

The search solves orders in increasing sequence, from 2 up to the target, because each proven
optimum tightens the pruning available to the next order (Section 3.4). For a given order m
the recursion places marks left to right. Before the search begins, a greedy pass constructs a
valid—generally sub-optimal—ruler by repeatedly appending the smallest integer that keeps the
set Golomb; the length of this greedy ruler seeds the incumbent so that pruning is active from
the very first node rather than only after the first complete solution is discovered. Each time the
search reaches a complete ruler shorter than the incumbent, the incumbent length is lowered and
the search continues, now pruning against the stronger bound. When the tree is exhausted, the
final incumbent is optimal: every ruler of every smaller length has been examined and rejected,
either explicitly or through a sound pruning rule, so the certificate of optimality is the completed
traversal itself.

3.2 Fast difference tracking with a bitmask

The inner loop of the search asks, repeatedly, whether placing a new mark at position p would repeat
any pairwise difference already realised by the marks already placed. A naive check recomputes and
compares a set of differences at every node, which is both slow and allocation-heavy. Instead we
maintain the set of used differences as a single arbitrary-precision integer interpreted as a bitmask:
bit d is set if and only if the difference d is already in use. Testing whether a candidate mark p is
admissible then reduces to forming, for each existing mark g, the difference d = p — ¢ and checking
the single bit 1 < d; the differences a mark would introduce are simultaneously accumulated in
a temporary mask so that collisions among the new differences (for example, if p — ¢ = g2 — g3
is already pending) are also caught in the same pass. If no collision occurs, the temporary mask
is OR-ed into the running mask on descent and XOR-ed back out on backtracking, giving O(1)
membership tests and O(k) work to place the k-th mark. Because Python integers are unbounded,
the mask grows transparently with the ruler length and never overflows, at the cost of big-integer
arithmetic whose word count grows with L—a factor we return to in Section 5. Listing 1 shows
the core feasibility test.

add = 0

ok = True

for q in marks: # marks already placed
d=p-g

bit = 1 << d
if (used_mask & bit) or (add & bit):
ok = False # difference d already used (or pending)

break
add |= bit # remember d as introduced by this mark
# on success: used_mask [= add (descend); later used_mask ~= add (backtrack)

Listing 1: Bitmask feasibility test for placing a mark at position p.

3.3 Symmetry breaking

To avoid searching both a ruler and its mirror image, we enforce the canonical inequality (2) that
the first gap be strictly smaller than the last. Rather than generate a ruler and then reject it if it
violates the inequality—which would still pay the cost of visiting the mirror subtree—we impose the
constraint as a range restriction that skips the mirror image outright. This is realised at two points
in the recursion, mirroring the general principle that structural symmetry-breaking constraints are



most valuable when they prune whole subtrees early rather than filtering complete assignments
[6, 14]. First, when the final mark is placed, its position is required to exceed a,,—1 + a2, which
is exactly the algebraic restatement of “last gap > first gap.” Second, and more powerfully, at the
second mark (ag) the search caps the position at |(Lpest — 1)/2]: since the reflected ruler would
place its own first gap at L — a,,—1 > a2 and we only pursue rulers that strictly improve on the
incumbent, no admissible improving ruler can have a first gap exceeding half the incumbent length.
Trimming the range of ay prunes entire internal subtrees before they are entered.

3.4 Lower-bound pruning

The decisive accelerator is a lower bound on the length of any completion of the current partial
ruler. Suppose the search has placed marks up to position a; = last and r = m — k marks remain
(including the one about to be placed). Those r trailing marks, taken by themselves, must form a
Golomb ruler of order r; by sub-ruler monotonicity their span is at least L*(r), the optimal length
of order r, which the incremental solver has already proven for every » < m. Hence any completion
has length at least last + L*(r). Turning this around, if the search is to produce a ruler strictly
shorter than the current incumbent Ljegt, the mark being placed cannot exceed

Pmax = Lpest —1 — L* (T)’ (3)

which bounds the loop over candidate positions and prunes the tail of the search space at every
node. When the optimal length of the required sub-order is not yet available—only the case of
the fallback path—the triangular bound () of (1) is substituted, which is weaker but still sound.
Because the solver works upward through the orders, the tight bound L*(r) is in fact always
available for the trailing sub-rulers encountered while solving order m, so pruning operates at full
strength throughout.

3.5 The complete algorithm

Algorithm 1 assembles these components. The routine RECURSE places the mark at a given depth;
the bounds ppax from (3) and the symmetry restrictions jointly define the range of admissible
positions, the bitmask test filters that range for Golomb-validity, and each admissible non-final
position spawns a child. A counter is incremented once per admissible candidate examined; this
count is the search-tree accounting reported in Section 4, and it is the quantitative form of the
optimality proof, since it enumerates exactly how many configurations had to be inspected to rule
out every shorter ruler.



Algorithm 1 Branch-and-bound search for the optimal Golomb ruler of order m.

1: Lpest < length of greedy ruler; best <+ greedy ruler

2: marks < [0]; mask <— 0; nodes <+ 0

3: procedure RECURSE(depth)

4 last < marks[—1]; 7 <= m — depth > marks from here to end
5: Pmax < Lbest — 1 — LB(r) > lower-bound pruning, Eq. (3)
6 if depth = 1 then ppax < min(pPmax, | (Lbest — 1)/2]) > symmetry on aso
7 end if

8 Dstart <— last + 1

9: if depth = m — 1 then pgare < max(pstart, Last + marks[l] + 1) > last gap > first gap
10: end if

11: for p < pstart tO Pmax do

12: if p introduces no repeated difference (bitmask test) then

13: nodes < nodes + 1

14: if depth = m — 1 then

15: Lyest < p; best < marks + [p] > improving complete ruler
16: else

17: push p onto marks; update mask; RECURSE(depth + 1); undo

18: end if

19: end if
20: end for

21: end procedure
22: RECURSE(1)
23: return (Lpest, best,nodes)

An important honesty condition governs the use of prior knowledge. The lower bounds L*(r)
fed into LB are only ever those of orders strictly smaller than the order currently being solved,
and each such value is itself the output of a completed search rather than a figure copied from the
literature. The published sequence A003022 [23] is consulted only after a search terminates, purely
to check the answer. The proof of optimality for order m is thus generated by the program from
the ground up, resting only on lower bounds it has itself established for smaller orders and on the
two sound structural rules of symmetry and sub-ruler monotonicity.

4 Results

We ran the incremental solver on orders 2 through 11. Every reported length is the outcome of a
completed exhaustive search: for each order the tree was traversed to exhaustion, so the returned
length is proven optimal in the sense that all shorter rulers were examined and eliminated. Table 1
collects the full accounting—optimal length, one optimal set of marks, the number of candidate
configurations (nodes) examined, and the wall-clock runtime—and confirms the length against the
published value in sequence A003022 [23].



Table 1: Proven optimal Golomb rulers for orders 2-11. “Nodes” is the number of admissible
candidate mark placements examined by the branch-and-bound search; “L*” is the optimal length
proven by the program; “A003022” is the published optimal length. All ten lengths match, and
every returned mark set is a valid Golomb ruler.

Order m L* One optimal ruler (marks) Nodes examined Runtime (s) Matches A003022
2 1 01 1 6.7x1077 v
3 3 013 1 24x107° v
4 6 014686 9 26x107° v
5 11 0149 11 55 1.0x 1074 v
6 17 01 4 10 12 17 340 7.8x 1074 v
7 25 014 10 18 23 25 2,690 8.6 x 1073 v
8 34 0149 1522 32 34 18,692 8.5 x 1072 v
9 44 01 5 12 25 27 35 41 44 122,006 0.809 v
10 55 01 6 10 23 26 34 41 53 55 805,995 6.634 v
11 72 01 4 13 28 33 47 54 64 70 72 13,677,172 145.339 v

The highest order for which optimality is proven in this study is 11, with optimal length 72.
Across all ten orders the program’s answers agree exactly with the published optimal lengths
of A003022: there are no orders where they differ. This agreement is a genuine independent
check rather than a tautology, because the published values were never supplied to the search as
targets—they were compared against only after each search terminated. Each returned mark set was
additionally re-validated by an independent routine that recomputes all (7;) pairwise differences and
confirms they are distinct; every ruler passed. Note that several optimal lengths admit more than
one optimal ruler (and every ruler has a distinct mirror image removed by the symmetry break);
Table 1 reports one canonical representative per order, namely the first optimal ruler encountered
under the search’s ordering.

4.1 Visualising the optimal rulers

Figure 1 renders the ten optimal rulers to scale on a common axis, making the near-quadratic
growth of the optimal length with order visually apparent: the length roughly doubles from order 5
(L =11) to order 8 (L = 34) and doubles again by order 11 (L = 72). The irregular, non-repeating
spacing that is the hallmark of a Golomb ruler is also evident—no two gaps between marks, and
more strongly no two distances between any pair of marks, are equal within a row.



Optimal Golomb Rulers (orders 2-11)
Proven optimal via branch-and-bound
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Figure 1: The proven optimal Golomb rulers for orders m = 2 through m = 11, drawn to scale on
a shared position axis. Each row is one optimal ruler labelled by its order and optimal length L;
filled circles mark the integer positions. The characteristic uneven spacing reflects the all-distinct-
differences constraint, and the growth of the rightmost mark illustrates the near-quadratic scaling
of L*(m).

4.2 Effect of the pruning components

To quantify how much each accelerator contributes to the search, we re-ran the solver on orders
2-6 with individual components disabled and counted the nodes examined in each configuration.
Table 2 reports the result. Two observations stand out. First, lower-bound pruning is the dominant
node-reducer even at these small orders: disabling it inflates the order-6 node count from 340 to
463, a 36% increase, while disabling both accelerators raises it to 481. Second, symmetry breaking
as implemented contributes a smaller marginal reduction at low orders (its incremental effect at
order 6 is the 481 — 463 difference once the lower bound is also removed); its role is partly
to guarantee that mirror-image optima are never separately enumerated, a saving whose relative
value grows with order as the number of complete rulers of a given length increases. Both rules are
sound—neither ever discards an optimum—so the substantially smaller node counts they produce
come at no cost to the correctness of the optimality proof.
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Table 2: Ablation of the pruning components on orders 2—6, measured in nodes examined. “Full”
enables both symmetry breaking and lower-bound pruning; the remaining columns disable symme-
try only, the lower bound only, and both. Lower-bound pruning accounts for most of the reduction
at these orders.

Order m L* Full No symmetry No lower bound Neither

2 1 1 1 1 1
3 3 1 1 1 1
4 6 9 9 9 10
5 11 95 %) 62 70
6 17 340 340 463 481

5 Complexity Analysis

The defining feature of the optimal-ruler problem is that the cost of proving optimality grows
explosively with order, even though the rulers themselves grow only quadratically in length. This
section quantifies that growth from the instrumented node counts and runtimes of Table 1 and
relates the two.

5.1 Growth of the search tree

Table 3 lists the successive growth ratios of the node count and runtime—that is, the factor by
which each metric multiplies when the order increases by one. From order 4 onward the node count
grows by a remarkably steady factor of roughly six to eight per order, until a pronounced jump of
nearly seventeenfold on the step into order 11. Taking the geometric mean of the per-order node
ratios from order 4 to order 11 gives an average multiplicative growth of about 7.6 per order, so the
search-tree size behaves, to first approximation, like C'- 7.6 ™—unmistakably exponential. Over the
eight orders from 4 to 11 the node count rises from 9 to 1.37 x 107, a factor of roughly 1.5 x 109,
and the cumulative number of candidate configurations examined across all ten orders is 1.46 x 107.

Table 3: Per-order growth ratios of the search cost. “Node ratio” is nodes(m)/nodes(m—1); “Run-
time ratio” is the analogous factor for wall-clock time; “Throughput” is nodes examined per second.
The node count grows by a steady =~ 6—-8x per order, spiking to ~ 17x at order 11, while through-
put slowly declines as the big-integer difference mask widens.

Order m Nodes Node ratio Runtime ratio Throughput (nodes/s)
4 9 — — 3.5 x 10°

5 55 6.1 3.9 5.5 x 10°

6 340 6.2 7.8 4.3 x 10°

7 2,690 7.9 11.0 3.1 x10°

8 18,692 6.9 9.9 2.2 x 10°

9 122,006 6.5 9.5 1.5 x 10°

10 805,995 6.6 8.2 1.2 x 10°

11 13,677,172 17.0 21.9 9.4 x 104

The exponential character is intuitive. As the order increases, the optimal length L*(m) grows
roughly as m?, so the range of integer positions open to each interior mark widens; simultaneously
the tree deepens by one level per added mark. The product of a growing branching range and a
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growing depth produces multiplicative blow-up, which the pruning rules attenuate—dramatically,
in absolute terms—but cannot eliminate, because no polynomial certificate of optimality is known.
The steadiness of the &~ 6-8x ratio across orders 5—10 indicates that the pruning removes a roughly
constant fraction of the naive growth at each level, so the surviving tree still expands geometrically.
The larger jump at order 11 reflects that the optimal length there increases by 17 over order 10
(from 55 to 72), a wider increment than the typical step, which enlarges the admissible position
range at several levels before the incumbent tightens enough to prune it.

5.2 Runtime and throughput

Runtime tracks node count closely but grows slightly faster: the runtime ratio exceeds the node
ratio at every order (for instance 21.9 versus 17.0 at order 11). The gap is explained by the last
column of Table 3, the throughput in nodes per second, which declines from about 5.5 x 10° at
order 5 to 9.4 x 10* at order 11. Two effects drive this decline. First, the difference mask is an
arbitrary-precision integer roughly L*(m) bits wide, so the bit-test and mask-update operations at
each node cost more machine words as the ruler lengthens. Second, deeper recursion means each
node performs a longer inner loop over already-placed marks (the feasibility test is O(k) at depth k).
The combined effect is that per-node work grows slowly with order, so runtime is the product of an
exponentially growing node count and a mildly growing per-node cost. The practical consequence
is stark: extrapolating the observed ~ 8-20x per-order runtime growth, proving order 12 with this
single-threaded implementation would take on the order of tens of minutes, and each subsequent
order roughly an order of magnitude longer—which is precisely why the historical proofs beyond
the mid-teens required dedicated hardware, tailored constraint models, or massively distributed
computation [8, 9, 17, 27].

Figure 2 plots both metrics on logarithmic axes. The near-linear appearance of the node-count
and runtime curves on a log scale is the visual signature of exponential growth: the search-tree size
spans roughly seven orders of magnitude from order 2 to order 11, and the runtime spans about
eight. The slight upward curvature of the runtime plot relative to the node plot is the throughput
decline made visible.
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Branch-and-bound search complexity scaling
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Figure 2: Branch-and-bound search-cost scaling on logarithmic axes. Left: number of candidate
configurations (nodes) examined versus order; the count rises from a single node at orders 2-3 to
1.37x 107 at order 11. Right: wall-clock runtime versus order, from sub-microsecond at the smallest
orders to about 145 seconds at order 11. The near-straight log-scale trends confirm exponential
growth in both metrics.

6 Discussion

The results establish, by exhaustive branch-and-bound with full search-tree accounting, the optimal
Golomb rulers for every order from 2 to 11, and they agree without exception with the canonical
optimal lengths recorded in A003022 [23]. It is worth being precise about what this agreement
does and does not demonstrate. It does not merely reproduce a table: the search received no
target length and no candidate ruler from the literature, and it terminated only after traversing the
entire pruned tree, so the optimality of each length is certified by the program’s own exhaustion
of the smaller-length search space. The published sequence functioned solely as an external oracle
against which the independently computed answers were checked after the fact. That all ten lengths
coincide is therefore evidence that both the algorithm and its implementation are correct, and it
locates the work within the well-established record for this problem.

Placed against that record, the present study is deliberately modest in reach and correspondingly
transparent in method. Shearer proved orders up to sixteen by exhaustive search on the hardware of
1990 [27]; Dollas, Rankin, and McCracken reached order nineteen with a parallel implementation [9,
24]; and the distributed.net Project OGR has since certified optimality through order twenty-
eight using volunteer computing at planetary scale [8]. More recent work reframes the problem for
general-purpose solvers—constraint-programming and mixed-integer models with bound tightening,
valid inequalities, and tailored branching that certify optimality up to the mid-teens on a single
workstation [13, 17, 30]. Our contribution is not to extend this frontier but to furnish a compact,
fully instrumented reference implementation whose optimality argument is legible in its entirety:
every pruning rule is elementary and sound, and the node counter makes the size of the proof an
explicit, reproducible number rather than an opaque assertion. Order 11, at 1.37 x 107 examined
nodes and about 145 seconds, sits comfortably within reach of a single core, which is the natural
ceiling for an unoptimised, single-threaded, exact search of this design.

The complexity analysis clarifies why that ceiling is where it is. The search tree grows
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geometrically—by an average factor near 7.6 per order over the range studied—so the gap between
what is tractable in seconds and what is tractable in hours is only two or three additional orders.
This is the computational signature of a problem for which no efficient optimality certificate is
known: although the general optimal-ruler decision problem has not been proven NP-hard in its
exact canonical form, natural neighbouring problems are [21], and in practice every proof beyond
small orders has demanded either specialised algorithmics or brute computational force. The
connection to Sidon sets frames the asymptotics—the optimal length grows near-quadratically, in
line with the Erdds-Turdn and Lindstrom bounds and their recent refinements [3, 12, 20], and
with the perfect-difference-set constructions of Singer that generate dense near-optimal rulers for
infinitely many orders [29]—but these results describe the landscape rather than shortcut the exact
proofs, which remain resolutely combinatorial.

Several limitations bound the interpretation of these findings. The implementation is single-
threaded and written in a high-level language, so its absolute runtimes are not competitive with
optimised or parallel solvers; they are reported for their scaling behaviour and their role in the
search accounting, not as performance benchmarks. The use of an arbitrary-precision integer as
the difference mask is elegant and overflow-free but imposes a per-node cost that grows with ruler
length, which is the source of the mild throughput decline documented in Section 5; a fixed-width
bitset or a byte array indexed by difference would be faster at these orders. The lower bound used
for pruning is the exact optimal length of smaller orders, which is tight and cheap here but does not
incorporate the stronger midpoint or partial-completion bounds that state-of-the-art solvers exploit
to reach higher orders. Finally, the study proves optimality only up to order 11; extending it would
require either substantially stronger bounds or parallelisation, both of which are well-trodden but
beyond the scope of this compact reference implementation. None of these limitations affects the
correctness of the reported optima—each is a statement about efficiency, not about the validity of
the proofs, which stand on the completed exhaustive traversal.

The applications surveyed in Section 1 give the results their practical significance. The or-
ders proven here—up to eleven marks—cover the range most relevant to physical designs such
as minimum-redundancy antenna arrays [4, 22|, interference-free frequency plans [1, 2|, and self-
orthogonal codes [25], where knowing the provably minimal span translates directly into minimal
aperture, bandwidth, or delay. For a practitioner, the value of a certified optimum over a merely
good heuristic ruler is the guarantee that no more compact arrangement exists, and it is exactly
that guarantee that an exhaustive branch-and-bound, and only an exhaustive search, can provide.

7 Conclusion

We have constructed and proved optimal Golomb rulers for every order from 2 to 11 using a
recursive depth-first branch-and-bound search accelerated by reflection symmetry breaking, bitmask
difference tracking, and lower-bound pruning seeded by previously proven orders. For each order
the program reports the optimal length, one optimal set of marks, the exact number of candidate
configurations examined, and the runtime; optimality is certified by the completed exhaustive
traversal, which explicitly rules out every shorter ruler. All ten optimal lengths—1, 3, 6, 11, 17,
25, 34, 44, 55, and 72—match the published values of OEIS A003022 exactly, with no order in
disagreement, and every returned ruler was independently re-verified to have all-distinct pairwise
differences. The rulers and their optimality certificates are produced by the program from lower
bounds it establishes itself; the published sequence is used only as an after-the-fact check.

The search cost grows exponentially, by an average factor of roughly 7.6 per order over the
range studied, with a sharper seventeenfold jump entering order 11, where proving optimality
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required examining 1.37 x 107 candidate configurations in about 145 seconds. This scaling—seven
orders of magnitude in node count and eight in runtime between orders 2 and 11—is the concrete
manifestation of the problem’s computational hardness and marks order 11 as the natural ceiling
for a compact, single-threaded exact solver. The highest order for which optimality is proven in
this work is therefore 11.

Beyond its specific results, the study offers a transparent, fully instrumented reference for how
optimality proofs of this kind are actually assembled: from a greedy incumbent, through sound
structural pruning, to an exhaustive traversal whose size is reported as an explicit number. Natural
extensions—stronger partial-completion lower bounds, fixed-width difference bitsets, and parallel
or distributed search—would push the provable frontier higher, as the historical record from Shearer
to Project OGR demonstrates, but the correctness of the certificates presented here rests entirely
on the elementary, self-contained argument realised by the program.
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A Reproducibility and Search Instrumentation

This appendix records the details needed to reproduce the results and the exact form of the search
accounting on which the optimality claims rest.

Implementation. The solver is a single Python module implementing the recursive branch-and-
bound of Algorithm 1. The public entry point solves the orders incrementally from 2 upward,
passing each proven optimal length into the lower-bound function used for the next order. The
difference set is represented as one Python integer treated as a bitmask, so that testing and updating
the used differences are pure bit operations and no auxiliary set object is allocated per node. The
greedy construction that seeds the incumbent appends, at each step, the smallest integer preserving
the Golomb property. All runs were single-threaded.

Search accounting. The node counter is incremented exactly once for each candidate mark
position that passes the bitmask feasibility test, at every depth of the recursion. It therefore
counts admissible partial and complete placements examined—the configurations the search actu-
ally inspected—and it is this quantity that is reported as “Nodes examined” in Table 1. Because
the recursion terminates only when the position range at every open node has been fully traversed,
a terminated search has provably examined or pruned every ruler of length below the returned op-
timum; the node count is thus a faithful, reproducible measure of the size of the optimality proof.
Runtime is measured with a monotonic performance counter around the search proper, excluding
input/output and the greedy seed.

Verification. Two independent checks guard the results. Each returned mark set is passed to
a validator that recomputes all (7;) pairwise differences and confirms they are pairwise distinct
and that the marks are strictly increasing from zero; every ruler in Table 1 passed. Each optimal
length is then compared against sequence A003022 [23]; all ten agree. The verification is deliberately
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separated from the search so that the optimality argument depends only on the completed traversal
and the two sound structural rules, never on the published table.

Correctness of the accelerations. The symmetry break is loss-free because exactly one of
a Golomb ruler and its reflection satisfies the first-gap-less-than-last-gap inequality (2), and a
Golomb ruler of order m > 3 can never be self-symmetric (that would repeat a gap). The lower-
bound rule is loss-free because any suffix of a Golomb ruler is itself a Golomb ruler, so a completion
using 7 further marks has length at least the true optimal length L*(r) of order r; substituting
the triangular bound (5) when L*(r) is unavailable only weakens, never invalidates, the bound.
Consequently every subtree pruned by Equation (3) or by the symmetry ranges is guaranteed to
contain no ruler shorter than the incumbent, and the search’s exhaustion of the remaining tree is
a valid proof of optimality.

Reproducibility. The reported node counts are deterministic functions of the order and the
pruning configuration and will reproduce exactly on any platform; the runtimes are hardware-
dependent and were obtained on a single commodity CPU core, so their absolute values will vary
while their relative scaling—the growth ratios of Table 3—should be stable. The complete numerical
results, including the per-order records and the ablation counts of Table 2, are provided alongside
this report in machine-readable form.
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