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Abstract

The Clauser-Horne-Shimony-Holt (CHSH) inequality provides the sharpest experimentally
accessible statement of Bell’s theorem: any local hidden-variable (LHV) theory obeys |S| <
2, whereas quantum mechanics predicts violations up to the Tsirelson bound |S| = 2v/2 ~
2.8284. This report presents a complete, reproducible computational study of the CHSH
scenario for a pair of spin-% particles prepared in the singlet state [¢)~) = (|11) — [{1))/V/2.
We proceed in three stages. First, we derive the two-particle correlation function analyti-
cally, proving symbolically that E(a,b) = —a-b = — cos(0, — 6) for arbitrary measurement
directions, and we optimize the CHSH functional both symbolically and numerically to show
that the canonical settings (0°,90°,45°,135°) are a stationary point at which S = —2/2,
with a global-optimization search over 300 random restarts recovering |S|max = 2v/2 to ma-
chine precision (4.4 x 10716). Second, we implement an exact-probability quantum Monte
Carlo estimator that samples dichotomic +1 outcomes from the Born-rule joint distribu-
tion using inverse-CDF sampling; with 10 shots per correlator (4 x 10° state preparations
in total) we obtain |Sest| = 2.827874 4 0.001414, consistent with the Tsirelson bound at
0.390 and violating the classical bound by 5850. Analytic and bootstrap error estimates
agree to better than 2%, and a convergence study confirms the expected N~/ statistical
scaling. Third, we construct the explicit three-dimensional unit-vector sign LHV model
of Bell (1964), A(a,A) = sign(a - A) and B(b,A) = —sign(b - A) with A uniform on the
sphere, yielding the piecewise-linear correlation Erpv () = —1 + 20/7. A sweep over 10%
random measurement configurations confirms |Spuv| < 2 for every configuration (analytic
maximum 1.999998, zero violations), and shows that at the quantum-optimal settings the
LHV model saturates the classical bound exactly at |Spiv| = 2.0 while quantum mechanics
reaches 2v/2. Together these results give a self-contained, numerically verified demonstra-
tion of the quantum-—classical separation encoded in the CHSH inequality. All source code,
raw correlator values, and reproducibility metadata are included.
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Figure 1: Graphical abstract. Left: a spin-% singlet source distributes entangled particles
to two separated observers, Alice and Bob, who each choose between two measurement directions
and record dichotomic +1 outcomes. Centre: the correlation is E(a,b) = —a-b = —cosf, and
the CHSH quantity S = E(a,b) — E(a,b’) + E(a’,b) + E(a’,b’) is assembled from four such
correlators; the quantum cosine bows away from the straight local hidden-variable line —1 + 26/,
and the shaded gap between them drives the violation. Right: this separates two worldviews—every
local hidden-variable theory is confined to |S| < 2 (classical/Bell bound), whereas the quantum
singlet reaches the Tsirelson bound |S| = 2v/2 &~ 2.83 at the optimal settings (0°,90°,45°, 135°).
This work verifies both bounds by analytical derivation, quantum Monte Carlo simulation, and an
explicit local hidden-variable benchmark.

1 Introduction

The question of whether the quantum-mechanical description of physical reality is complete has
driven some of the most consequential debates in twentieth-century physics. In their celebrated
1935 paper, Einstein, Podolsky, and Rosen (EPR) argued that quantum mechanics, if taken to
be a complete theory, forces one to abandon a form of local realism in which spatially sepa-
rated systems possess definite properties independent of measurement [1]. EPR concluded that
the quantum state must therefore be an incomplete description, to be supplemented by addi-
tional “elements of reality”—the hidden variables. David Bohm subsequently recast the EPR
argument in the cleaner and experimentally more amenable language of two spin-% particles
in the singlet state, replacing continuous position and momentum observables with dichotomic
spin projections along adjustable axes [2]. For nearly three decades the disagreement between
the EPR programme and the orthodox Copenhagen interpretation appeared to be a matter of
philosophy rather than physics, seemingly beyond the reach of experiment.

This changed decisively in 1964, when John Bell proved that the assumption of local hidden
variables is not merely interpretationally awkward but quantitatively testable [3]. Bell showed
that any theory in which measurement outcomes are determined by shared local variables—
variables established at the source and carried locally by each particle—must satisfy an inequal-
ity that constrains the strength of the correlations between distant measurements. Crucially,
the correlations predicted by quantum mechanics for the singlet state violate this inequality for
suitable choices of measurement settings. Bell’s theorem thus converted a metaphysical dispute
into an empirical one: a sufficiently careful experiment could decide between local realism and
quantum mechanics. In a companion analysis, Bell further examined the internal consistency
of hidden-variable constructions and the role of the von Neumann no-go argument, sharpening
the logical foundations of the field [4].

Bell’s original inequality was framed under an idealizing assumption of perfect anticorrela-
tion and is not directly suited to real detectors. In 1969, Clauser, Horne, Shimony, and Holt



(CHSH) generalized Bell’s result into a form that is robust to experimental imperfection and ap-
plicable to any pair of dichotomic £1 observables [5]. The CHSH inequality bounds a particular
linear combination of four correlation functions,

S = E(a,b) — E(a,b') + E(a’,b) + E(a’,b’), (1)

where a, a’ are Alice’s two alternative measurement directions and b, b’ are Bob’s. For any local
hidden-variable theory the inequality |S| < 2 holds, a result that follows from a factorizability
assumption and requires no detailed model of the hidden variables. Clauser and Horne later
refined the observational assumptions needed to derive such inequalities from objective local
theories, clarifying precisely which auxiliary hypotheses (such as fair sampling) enter the argu-
ment [6]. Arthur Fine subsequently established a deep equivalence, showing that the existence of
a local hidden-variable model, the existence of a joint probability distribution for all observables,
and the satisfaction of the Bell/CHSH inequalities are logically the same condition [7].

The quantum violation is not unbounded. In 1980, Cirel’son (Tsirelson) proved that quan-
tum mechanics itself limits the CHSH quantity to |S| < 2v/2 ~ 2.8284, a value now known as
the Tsirelson bound [8]. Remarkably, this bound is strictly smaller than the algebraic maximum
of 4; the fact that quantum correlations are strong but not maximally strong later became a
research programme in its own right. Popescu and Rohrlich asked what physical principle sin-
gles out the Tsirelson bound, exhibiting hypothetical “superquantum” correlations that respect
no-signalling yet reach S = 4 [9]. On the other side of the boundary, Gisin proved that every
pure entangled state of two particles violates a Bell inequality, establishing that nonlocality is
generic to entanglement in the pure-state case [10], while Werner showed that the relationship
is subtler for mixed states by constructing entangled “Werner states” that nonetheless admit
a local hidden-variable model [11]. These results are surveyed comprehensively in the reviews
by Clauser and Shimony [12], Genovese [13], Horodecki and co-workers [14], and Brunner and
colleagues [15].

The experimental history parallels the theoretical one. The first Bell test was performed
by Freedman and Clauser in 1972 using photon polarization from atomic cascades [16]. As-
pect and collaborators dramatically improved the tests in the early 1980s, first with static
analyzers [17, 18] and then with time-varying analyzers that addressed the locality loophole
by switching measurement settings while the photons were in flight [19]. Long-distance tests
over kilometres of optical fibre [20] and experiments with strict spacelike separation and fast
random switching [21] followed, and the conceptual state of the art was reviewed at the turn
of the century by Aspect [22]. The definitive loophole-free experiments arrived in 2015, when
three groups—using nitrogen-vacancy centres in diamond [23], entangled photons [24, 25]—
simultaneously closed the locality and detection loopholes. Subsequent work has extended these
tests to event-ready schemes with entangled atoms [26], human-driven “BIG Bell” measurement
choices [27], and superconducting circuits with deterministic entanglement [28]. The practical
payoff of this foundational work is now substantial: Bell violations underpin entanglement-based
quantum key distribution [29], device-independent cryptography [30], and certified quantum
randomness [31].

Against this backdrop, the present report has a deliberately pedagogical and reproducible
aim. Rather than surveying the experimental frontier, we build a complete computational
pipeline that verifies the core theoretical claims from first principles for the canonical spin-%
singlet, and we make the quantum—classical separation manifest through simulation. The work
is organized into three self-contained stages. Section 2 derives the singlet correlation function
E(a,b) = —a-b analytically and optimizes the CHSH functional to locate the Tsirelson bound.
Section 3 develops a quantum Monte Carlo estimator that samples measurement outcomes
from the exact Born-rule distribution and quantifies the statistical uncertainty of the resulting
CHSH estimate. Section 4 implements an explicit local hidden-variable model and sweeps
ten thousand random measurement configurations to confirm that no local model can exceed



|S| = 2. Section 5 discusses the results and their relationship to the experimental literature, and
Section 6 concludes. All code, raw correlator values, and environment metadata are provided
in the appendices so that every number in this report can be regenerated.

2 Theoretical Framework and Analytical Derivation

2.1 The singlet state and its spin correlations

We consider two spin-% particles shared between two observers, conventionally named Alice
and Bob. The particles are prepared in the spin singlet,

1
™) = ﬁ<\¢¢> 1), (2)
which is the unique rotationally invariant, maximally entangled state of two qubits. Alice
measures the spin of her particle along a unit vector a € S? and Bob along b € S?; each
measurement returns a dichotomic outcome %1 (in units of i/2). The corresponding observables
are a-o and b - o, where o = (04, 0y,0.) collects the Pauli matrices. The joint correlation
function is the quantum expectation value of the product of the two outcomes,

E(a,b) = (¢ [(a-o) @ (b-o)[y7). (3)

The central analytical result, which underlies everything that follows, is that this correlation
is the negative inner product of the two measurement directions:

‘E(a,b) = —a-b = —cos@ab,‘ (4)

where 6,, = arccos(a - b) is the angle between the two settings. We verified Eq. (4) by exact
symbolic computation. Constructing the singlet column vector in the computational basis
{115 110, 1), 1[4 T as (0, %, —%, 0)T and forming the operator (a-o)® (b-o) with symbolic
components of a and b, a computer-algebra evaluation of Eq. (3) returns —azb, — a,b, — a.b,
identically, so that F(a,b) — (—a - b) simplifies to exactly zero. The derivation is valid for
arbitrary vectors in R3, not merely for coplanar settings. This symbolic proof is reproduced
verbatim in Appendix A.

For the CHSH analysis it is convenient to restrict the four settings to a common plane, which
we take to be the x—y plane, so that a direction at azimuthal angle 6 is a = (cos#,sin6,0).
Substituting into Eq. (4) and using the angle-subtraction identity gives the coplanar form

E(84,6y) = —cos(0q — 6p), (5)

which the symbolic engine again confirms to vanish when subtracted from its target. The
negative sign in Egs. (4)—(5) is the hallmark of the singlet: aligned measurements (6,, = 0) are
perfectly anticorrelated, ' = —1, reflecting the fact that the two spins always point in opposite
directions, while orthogonal measurements (6,, = 90°) are uncorrelated, £ = 0.

2.2 The CHSH functional and its optimization
The CHSH quantity of Eq. (1) becomes, upon inserting the coplanar correlation of Eq. (5),
S0, 0., 0p,0,) = — cos(8, — 0p) + cos(0, — 0) — cos(6, — 0y) — cos(0., — 6;). (6)

We seek the settings that extremize S. Evaluating Eq. (6) at the canonical Bell-test configura-
tion

(0a,06;,,0,0,) = (0, 5, T, 3@{) = (0°, 90°, 45°, 135°) (7)



yields S = —2+/2. Symbolic differentiation confirms that the gradient V.S vanishes identically
at this point, so the canonical configuration is a genuine stationary point of the CHSH landscape
rather than merely a convenient choice. The relative geometry is the essential feature: Alice’s
two directions are orthogonal, Bob’s two directions are orthogonal, and each of Bob’s directions
bisects the angle between Alice’s, so that every relevant pair of settings differs by 45°. Because
cos45° = 1/+/2, three of the four correlators contribute —1/1/2 and one contributes +1/+/2
with the CHSH sign structure, giving |S| =4 x (1/v/2) = 2v/2.

To confirm that this stationary point is in fact the global optimum, we performed an in-
dependent numerical optimization. Using 300 random restarts of a gradient-based (BFGS)
maximizer and minimizer over the four-dimensional angle space (seed 42), the search converged
to

Smax = +2.8284271247, Smin = —2.8284271247, (8)

with [Smax — 2v2| = |Smin + 2v/2| = 4.44 x 10716, i.e. agreement with the Tsirelson bound to
machine precision. Every restart recovered the same extremal magnitude, and the optimizer’s
optimal angles—although rotated and relabelled relative to Eq. (7) owing to the continuous
rotational and permutation symmetries of the problem—reproduce the same 45° relative ge-
ometry. As a further consistency check, we evaluated the quantum correlation directly for 10*
random pairs of unit vectors and compared it against —a - b; the maximum discrepancy over all
pairs was 3.33 x 10716, again at the level of floating-point round-off. These findings establish,
from three independent routes (symbolic proof, symbolic gradient, and numerical global search),
that the singlet saturates the Tsirelson bound |S| = 2v/2 and that this is the maximal quantum
value.

Figure 2 visualizes the CHSH landscape. Holding Alice’s settings fixed at their optimal
values and scanning Bob’s two angles reveals a smooth surface whose extrema form a regular
lattice of peaks and troughs at +21/2; the classical bound |S| = 2 appears as a pair of level
contours interior to these extrema, making the region of genuinely quantum (|S| > 2) correlation
directly visible.

3 Quantum Monte Carlo Simulation

3.1 Methodology

The analytical results of Section 2 predict expectation values; a physical experiment, however,
estimates those expectation values from finite ensembles of discrete +1 outcomes subject to
statistical fluctuations. To reproduce this situation faithfully and to quantify the resulting
uncertainty, we constructed a quantum Monte Carlo (MC) simulator that samples individual
measurement outcomes from the exact Born-rule joint distribution [32, 33]. For a pair of
coplanar settings separated by d = 8, — 0, the four joint outcome probabilities for the singlet
are ) 5
P(++4) = P(-=) = — -,
which are readily verified to reproduce the marginal randomness of each side, P(A = +) =
P(A = —) = 1, and the correlation E = 3., abP(ab) = —cosd of Eq. (5). Each simulated
“shot” draws one of the four joint outcomes by inverse-CDF sampling: a uniform random number
u € [0, 1) is compared against the cumulative probabilities [P(++), P(++)+ P(+—), P(++)+
P(+-) + P(—+), 1] to select the outcome, and the product A- B € {+1,—1} is recorded. This
procedure is exact—it introduces no discretization or thermalization bias—so the only source
of error is the finite sample size, exactly as in a real experiment.

For each of the four correlators entering Eq. (1) we drew N = 10° shots, for a total of 4 x 105

simulated state preparations. The correlator estimator is the sample mean E= % Zi]\il A;B; =
(Nyy + N__ — Ny_ — N_4)/N, and the CHSH estimate is assembled from the four E values

P(t-) = P(—4) = -T2 (9
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Figure 2: The CHSH landscape. The CHSH quantity S(6s,0;) shown as a colour map over
Bob’s two measurement angles, with Alice’s settings held fixed at their optimal values (6,,6)) =
(0°,90°). The surface reaches the Tsirelson extrema 42v/2 (dark blue and dark red), and the
dashed contours mark the classical bound |S| = 2, enclosing the corners where quantum mechanics
exceeds the local-realistic limit. The canonical settings (0°,90°,45°,135°) sit exactly at the marked
stationary point (star) where S = —24/2; the 300-restart global optimizer confirms this is a global
extremum of the full four-angle landscape.

with the sign pattern of Eq. (1). Because each product A4;B; is a bounded +1 random variable
with mean E and variance 1 — E?, the standard error of a single correlator follows in closed

form,
[1— E2
op= N (10)

and, since the four correlators are estimated from statistically independent ensembles, the CHSH
1/2

standard error propagates as o5 = (Y4_; 0% )/ To avoid relying on this analytic formula
alone, we also computed a nonparametric bolz)tstrap estimate of every uncertainty by resam-
pling the recorded outcomes with replacement over 1000 bootstrap replicates [34]. All random
numbers were generated with NumPy’s PCG64 generator [35] seeded at 42 (bootstrap seed 43);
figures were produced with Matplotlib [36] and auxiliary numerical routines with SciPy [37].

The complete simulator is listed in Appendix C.2.

3.2 Results

Table 1 reports the four measured correlators at the optimal settings of Eq. (7). Each estimate
lies within about one standard error of its theoretical value F1/+/2, with z-scores ranging from



0.51 to 1.18, entirely consistent with statistical noise. Assembling the four correlators gives the
central result of this section,

Sest = —2.827874 £ 0.001414, | Sest| = 2.827874, (11)

to be compared with the theoretical value Sipeory = —2v/2 = —2.8284271. The estimate deviates
from the Tsirelson bound by only 5.5 x 10~4, which is 0.39 o—statistically indistinguishable

from the exact bound. The analytic and bootstrap standard errors agree closely, aasnalytic =

1.4145 x 1073 versus Jgoomrap = 1.3997 x 1073, a difference of about 1% that validates the
closed-form error propagation of Eq. (10).

Table 1: Quantum Monte Carlo correlators at the optimal CHSH settings (0°,90°,45°,135°),
from N = 106 shots each. ¢ is the angular separation, Eiheory = — €080, E the sample estimate,
0, the analytic standard error of Eq. (10), and 2 = |E — Eineory|/0 5. The rightmost column gives
the CHSH sign with which each correlator enters S.

A

Correlator 64 0p 1) Eheory E op z

E(a,b) 0° 45° —45° —0.707107  —0.707942 0.000706 1.18
E(a,b’) 0° 135° —135° 40.707107 40.706518  0.000708 0.83
E(a’,b) 90°  45° +45° —-0.707107  —0.706670  0.000708 0.62
E(a’,b’) 90° 135°  —45° —0.707107  —0.706744  0.000707  0.51

Sest = E(a,b) — E(a,b') + E(a’,b) + E(a’,b/) —2.827874 +0.001414

The physical significance of Eq. (11) is best expressed relative to the classical bound. The
excess over the local-realistic limit is | Segt| —2 = 0.827874, which in units of the CHSH standard
error corresponds to a violation of the classical bound by

|Sest| -2

= 5850 (analytic), 591 o (bootstrap). (12)
os

A violation at the level of hundreds of standard deviations leaves no room for a statistical-
fluctuation explanation: at 105 shots per correlator the simulated singlet is overwhelmingly,
quantitatively incompatible with any local hidden-variable account. Figure 3 displays the four
measured correlators against their theoretical values together with the reconstructed CHSH
quantity and both bounds.

3.3 Convergence and statistical error analysis

A quantitative Monte Carlo claim is only as trustworthy as its error model. To validate the
N—1/2 scaling implied by Eq. (10), we repeated the CHSH estimation at logarithmically spaced
sample sizes from N = 10 to N = 10°% and tracked both the estimate and its uncertainty.
Figure 4 shows the result: the estimate [S(IN)| converges toward the Tsirelson bound as N
grows, while the width of the +3¢ uncertainty band shrinks in proportion to N~1/2, from
order unity at N = 10% to about 1072 at N = 105. At small N the estimate scatters by an
amount fully consistent with its (large) error bar, and by N = 10° the uncertainty has fallen to
~ 1.4 x 1073, small enough that the residual deviation from 2+/2 is a fraction of one standard
error. Together with the close agreement between the analytic and bootstrap standard errors
at N = 10% established in Section 3.2 (1.4145 x 1073 versus 1.3997 x 1073), this confirms
that the estimator is unbiased and that its uncertainty is correctly characterized. Such N~1/2
convergence is the expected signature of an honest Monte Carlo estimator and rules out hidden
systematic bias in the sampling procedure.



Quantum Monte Carlo verification of CHSH Bell-inequality violation
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Figure 3: Monte Carlo correlators and the CHSH estimate. Left: grouped bars compare
the theoretical correlators —a - b (grey) against the simulated estimates (blue) at the four optimal
settings; the two agree within the plotted +30, error bars (magnified for visibility). Right: the
CHSH magnitude reconstructed from simulation, |Ses;| = 2.8279, coincides with the Tsirelson bound
2v/2 ~ 2.8284 and stands 5850 above the classical bound |S| = 2 (dotted line).
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Figure 4: Convergence of the CHSH estimate. The simulated |Sest (V)| (points) versus the
number of shots per correlator N (logarithmic axis) converges to the Tsirelson bound 2v/2 ~ 2.8284
(red dashed) and remains well above the classical bound |S| = 2 (dotted) once N is large. The
shaded band shows the +30 statistical uncertainty, whose width narrows in proportion to N~1/2,
from order unity at N = 102 to ~ 1.4 x 1073 at N = 10°.



4 Local Hidden-Variable Benchmark

4.1 An explicit three-dimensional sign model

Demonstrating that quantum mechanics can violate the CHSH inequality is only half of the
story; to make the quantum-—classical separation concrete one must also exhibit what a local
hidden-variable theory actually predicts and confirm that it never exceeds |S| = 2. We therefore
implement the explicit model introduced by Bell in his 1964 paper [3]. A single hidden variable
A is drawn uniformly on the unit sphere S? and shared between the two particles at the source.
Alice’s and Bob’s outcomes are then fixed, deterministic, local functions of their own setting
and the shared variable,

A(a, ) =sign(a- ) € {+1, -1}, B(b,A\) = —sign(b - A\) € {+1,—1}. (13)

The minus sign in Bob’s response function encodes the singlet’s anticorrelation: when Alice and
Bob measure along the same direction they obtain opposite results for every A, reproducing
Erpv = —1 exactly, as quantum mechanics requires. Crucially, the model is manifestly local—
A depends only on Alice’s setting and the shared A, never on Bob’s setting, and vice versa—and
it is realistic, in that outcomes are predetermined for every A. We sample A isotropically by
normalizing a standard three-dimensional Gaussian vector, which is the standard construction
for the uniform distribution on the sphere.

Averaging Eq. (13) over the uniform hidden variable yields a correlation that can be com-
puted in closed form. The product AB = —sign(a-A)sign(b-A) equals —1 unless A falls in the
wedge where the two half-spaces disagree; a solid-angle calculation gives the piecewise-linear

result 00
Einv(d) =—-1+—, 0 = arccos(a - b) € [0,7]. (14)
T

This is a genuinely different function from the quantum cosine of Eq. (4): both agree at the
special points # =0 (E = —1),0 =7/2 (E =0), and § = 7 (E = +1), but between these points
the LHV correlation is a straight line whereas the quantum correlation bows away from it. It
is precisely in this gap between the line and the cosine that the CHSH violation lives.

We validated the analytic form of Eq. (14) against direct Monte Carlo simulation of the model
at 61 angles spanning [0, 7], drawing 10° hidden-variable samples per angle. The maximum
absolute discrepancy between the simulated and analytic correlations over all 61 angles was
1.8 x 1073, consistent with the ~ N~1/2 ~ 1073 statistical noise floor. Figure 5 overlays the
two correlation functions and confirms both the agreement of the simulation with Eq. (14) and
the systematic separation of the LHV line from the quantum cosine.

4.2 A ten-thousand-configuration CHSH sweep

Bell’s theorem guarantees that any model of the form (13)—indeed any local hidden-variable
model whatsoever—must satisfy [S| < 2 for every choice of the four measurement directions.
To confirm this exhaustively for our explicit model, we generated 10* random measurement
configurations, each consisting of four independent unit vectors (a,a’, b, b’) drawn isotropically
on the sphere, and evaluated the CHSH quantity two ways: analytically via Eq. (14) applied to
the four pairwise angles, and by Monte Carlo simulation with 10° hidden-variable samples per
configuration (10° samples in total across the sweep). The results are unambiguous. Across all
10* configurations the analytic CHSH magnitude never exceeded the Bell bound: the maximum
was |S|max = 1.999998, the mean was 0.7212, and there were zero violations of |S| < 2. The
Monte Carlo sweep agreed configuration-by-configuration with the analytic values, its nominal
maximum reaching 2.0 only through finite-sample noise of order 102 (typical per-configuration
o5 ~ 6.3 x 1073), with no statistically significant excess over the bound.



Spin-correlation law: quantum singlet vs. local hidden variable model
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Figure 5: Local hidden-variable versus quantum correlations. Upper panel: the quantum
singlet correlation Eqnm(f) = —cosf (solid blue) and the Bell sign-model correlation Eppyv(0) =
—1 + 20/7 (dashed red); Monte Carlo estimates of the LHV correlation (green points with £30
error bars, 10 samples per angle) sit on the analytic line to within ~ 1073, The two curves meet
only at § = 0°,90°,180°. Lower panel: the difference Fqgm — Ernv, which peaks near 45° and
135°—exactly the angular separations used in the optimal CHSH settings—and is the gap that the
CHSH inequality exploits.

Figure 6 shows the distribution of |Spv| over the sweep. The histogram is strictly confined
to the interval [0, 2], with a hard wall at |S| = 2 that the analytic values approach but never cross.
The single configuration that comes closest, reaching |.S| = 1.999998, corresponds precisely to
the local-model analogue of the optimal quantum geometry.

4.3 The local model at the quantum-optimal settings

It is especially illuminating to evaluate the local model at exactly the settings that are optimal
for quantum mechanics, Eq. (7). Applying the piecewise-linear correlation of Eq. (14) to the
four 45°-separated pairs gives Ergy = —1 4 2(w/4)/m = —3 for the three correlators separated
by 45° and Epgy = —1+2(37/4)/m = +3 for the one separated by 135°. With the CHSH sign
pattern this yields

Sy = (—3) = (+3) + (=3) + (-=3) = =20, (15)

so that |Sppy| = 2.0 exactly. A direct Monte Carlo evaluation at these settings with 10°
samples per correlator returns Spgy = —1.9991 4+ 0.0017, consistent with Eq. (15). This is a
subtle and important point that deserves emphasis. At the very settings where the quantum

10
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Figure 6: Distribution of the CHSH quantity for the local hidden-variable model.
Overlaid histograms of |Sppv| over 10* random measurement configurations, computed analytically
(red) and by Monte Carlo with 10% samples per configuration (green); the two agree closely. Every
value lies below the classical/Bell bound |S| = 2 (solid black line); the analytic maximum is 1.999998
with zero violations. The shaded “quantum-only” region beyond |S| = 2 is forbidden to any local
model, and the quantum Tsirelson bound 2v/2 ~ 2.8284 (dashed blue line) lies far to the right,
outside the entire support of the local-model distribution.

singlet achieves its maximal violation |Squ| = 2v/2 = 2.83, the Bell sign model does not merely
stay safely below the bound—it saturates the classical bound exactly at |Syyv| = 2.0. The local
model extracts the maximum classical correlation permitted by locality, and it is precisely the
residual 2v/2 — 2 ~ 0.83 that quantum mechanics adds on top, and that no local theory can
reach. Table 2 collects the three descriptions side by side.

Table 2: The three descriptions of the singlet at the optimal CHSH settings (0°,90°,45°,135°).
The local hidden-variable model saturates the classical bound at exactly |S| = 2; quantum me-
chanics (theory and Monte Carlo) reaches the Tsirelson bound 2v/2. The quantum Monte Carlo
violates the classical bound by 585¢.

E(a’,b),
Description E(a,b) E(a,b’) E(a’,b’) |S]
Quantum theory (— cos ) —0.7071 +0.7071 —0.7071 2.828427
Quantum Monte Carlo (10° shots) —0.7079 +0.7065 —0.7067 2.827874 £ 0.001414
Local hidden variable (—1 +260/7) —0.5000 +0.5000 —0.5000 2.000000

5 Discussion

The three stages of this study converge on a single, quantitatively sharp conclusion. The
analytical derivation fixes the quantum prediction exactly: the singlet correlation is —a - b, and
optimizing the CHSH functional over all measurement geometries yields a global maximum of
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|S| = 2v/2, the Tsirelson bound, attained at the canonical 45° configuration and verified to
machine precision by an independent numerical search. The quantum Monte Carlo simulation
then confirms that this exact prediction is what a finite experiment would actually measure:
sampling 4 x 10% dichotomic outcomes from the Born-rule distribution reproduces the Tsirelson
value to within 0.390 and violates the classical bound by 5850, with a fully characterized
error budget in which analytic and bootstrap uncertainties agree to 1% and the estimator
obeys the expected N~1/2 convergence. Finally, the explicit local hidden-variable benchmark
makes the opposing bound equally concrete: Bell’s sign model reproduces the singlet’s perfect
anticorrelation and its qualitative structure, yet its CHSH quantity is capped at |.S| < 2 for every
one of 10* random configurations, saturating the classical bound at exactly 2.0 at the quantum-
optimal settings. The gap between 2 and 2v/2 is therefore not an artifact of any particular
model or measurement choice; it is the irreducible signature of quantum entanglement.

A methodological point worth underscoring is the behaviour of the local model at the optimal
settings. It is sometimes stated informally that a “classical” or hidden-variable prediction for
these settings is |S| ~ 1.41, a value that arises if one (incorrectly) inserts the quantum optimal
correlators of magnitude 1/+/2 into a naive classical accounting, or if one considers a linear rather
than a sign-based response function. The correct statement, borne out by both the closed-form
correlation (14) and the Monte Carlo simulation, is that the standard Bell sign model saturates
the CHSH bound at exactly |S| = 2.0 at those settings. This does not weaken the conclusion;
it strengthens it. The local model is not being handicapped—it achieves the largest CHSH
value that locality allows—and quantum mechanics still exceeds it by the full margin 2v/2 — 2.
Reporting the saturated value 2.0 rather than a smaller number is both more accurate and more
faithful to Bell’s theorem, which asserts the bound |S| < 2 as a tight constraint that good local
models can reach but never surpass.

These simulated results should be read against the experimental record they idealize. The
correlations computed here are exactly those measured, with steadily improving rigour, in half
a century of laboratory Bell tests—from the pioneering atomic-cascade experiment of Freedman
and Clauser [16], through Aspect’s switched-analyzer experiments that first addressed the local-
ity loophole [19], to the kilometre-scale fibre tests [20] and the spacelike-separated, fast-switching
photonic experiment of Weihs and co-workers [21]. Our simulation deliberately assumes ideal
detectors and perfect state preparation and therefore does not model the detection and locality
loopholes that dominated experimental debate for decades; those loopholes were closed only
in the landmark 2015 experiments using nitrogen-vacancy centres [23] and high-efficiency pho-
ton detection [24, 25], and further addressed by event-ready atomic tests [26], cosmically- and
human-seeded setting choices [27], and superconducting-circuit implementations [28]. What our
idealized study captures is the theoretical target those experiments strive to reach: a violation
at the Tsirelson bound. That the simulated 5850 violation vastly exceeds the significance of
any single real experiment simply reflects the absence of experimental noise and the freedom to
accumulate 10% shots per setting.

Finally, the quantum—classical separation quantified here is not merely of foundational inter-
est; it is a resource. The certified impossibility of reproducing |S| > 2 with any local model is the
operational basis of entanglement-based quantum key distribution [29], of device-independent
cryptographic protocols whose security rests on the observed Bell violation rather than on trust
in the hardware [30], and of certified randomness generation, in which the CHSH value lower-
bounds the genuine unpredictability of the measurement outcomes [31]. In each case the very
gap between 2 and 2v/2 that this report measures is converted into a quantitative guarantee.
Understood in this light, the Tsirelson bound is not only the ceiling on quantum nonlocality
but also the wellspring of its technological value, a connection surveyed in depth in the modern
reviews of the field [14, 15].
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6 Conclusion

We have presented a complete, reproducible computational demonstration of the CHSH Bell
inequality for a spin-% singlet. Symbolic and numerical analysis established that the singlet
correlation is E(a,b) = —a - b and that the CHSH functional attains its global extrema +2+/2
at the canonical 45° settings, matching the Tsirelson bound to machine precision. A quantum
Monte Carlo estimator sampling 4 x 109 Born-rule outcomes recovered |Sest| = 2.827874 +
0.001414, consistent with the Tsirelson bound at 0.39¢ and violating the classical bound by
5850, with analytic and bootstrap error estimates in mutual agreement and the expected N~1/2
convergence confirmed. An explicit local hidden-variable model with correlation Eppv(0) =
—1 + 20/7 obeyed |S| < 2 across all 10* random configurations tested (analytic maximum
1.999998, zero violations) and saturated the classical bound at exactly 2.0 at the quantum-
optimal settings, cleanly isolating the margin 21/2—2 as the purely quantum contribution. Taken
together, the three stages provide an internally consistent, quantitatively precise account of the
boundary between local realism and quantum mechanics. All source code, raw correlator values,
summary statistics, and environment metadata accompany this report so that every result can
be independently reproduced; natural extensions include mixed and Werner states [11], higher-
dimensional and multipartite Bell inequalities [15], and explicit modelling of detector inefficiency
to connect the idealized simulation to the loophole-free experimental regime.

Appendices

A Symbolic Proof Output

The following is the verbatim output of the symbolic-derivation stage (Appendix C.1), docu-
menting the exact proof that F(a,b) = —a - b, the coplanar reduction, the vanishing CHSH
gradient at the canonical settings, and the numerical global optimization.

CHSH BELL INEQUALITY - STEP 1: ANALYTICAL DERIVATION

numpy 2.5.1 | sympy 1.14.0

[1] SYMBOLIC SETUP

Pauli matrices:
sigma_x = [[0, 1], [1, 0]]
sigma_y = [[0, -I], [I, 0]]
sigma_z = [[1, 0], [0, -1]]

Singlet state |psi™-> = (1/sqrt(2)) (lup down> - |down up>)
column vector (basis |uu>,|ud>,|du>,|dd>) = [0, sqrt(2)/2, -sqrt(2)/2, 0]
<psi”-|psi”-> = 1 (must be 1)

[2] SYMBOLIC PROOF E(a,b) = -a.b (arbitrary vectors in R73)

E(a,b) [sympyl = -a_x*b_x - a_y*b_y - a_zxb_z

target = -(a_x b_x + a_y b_y + a_z b_z) = -a.b
E(a,b) - (-a.b) = 0 (must be 0)

==> PROVEN: E(a,b) = -a.b (exact, symbolic).

[3] COPLANAR PARAMETRIZATION -> E(a,b) = -cos(theta_a - theta_b)

E(theta_a, theta_b) = -cos(theta_a - theta_b)
E - (-cos(theta_a - theta_b)) = 0 (must be 0)
==> CONFIRMED: E(a,b) = -cos(theta_a - theta_b).

[4] SYMBOLIC CHSH S = E(a,b) - E(a,b') + E(a',b) + E(a',b')
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S(theta_a,theta_a',theta_b,theta_b') = -cos(theta_a - theta_b) + cos(theta_a - theta_bp) - cos(theta_ap
- theta_b) - cos(theta_ap - theta_bp)

Canonical settings (theta_a, theta_a', theta_b, theta_b') = (0, pi/2, pi/4, 3pi/4)
S = -2xsqrt(2) = -2.8284271247
grad_theta S = [0, 0, O, 0] (all zero => stationary point)

==> |S| = 2xsqrt(2) = 2.8284271247 (Tsirelson bound).

[5] NUMERICAL GLOBAL OPTIMIZATION OF S

restart 50/300: best_max=2.82842712 best_min=-2.82842712
restart 100/300: best_max=2.82842712 best_min=-2.82842712
restart 150/300: best_max=2.82842712 best_min=-2.82842712
restart 200/300: best_max=2.82842712 best_min=-2.82842712
restart 250/300: best_max=2.82842712 best_min=-2.82842712
restart 300/300: best_max=2.82842712 best_min=-2.82842712

Global max S = 2.8284271247 (Tsirelson = 2.8284271247)

Global min S -2.8284271247 (-Tsirelson = -2.8284271247)

max|S| 2.8284271247

Imax S - 2sqrt2| = 4.44e-16

Imin S + 2sqrt2| = 4.44e-16

==> Numerical optimum matches Tsirelson bound to machine precision.

S at canonical (0,90,45,135 deg) [numerical] = -2.8284271247

[6] NUMERICAL QUANTUM CROSS-CHECK E(a,b) = -a.b (random vectors)

max |E_quantum - (-a.b)| over 10000 random unit-vector pairs = 3.331e-16
==> Numerical quantum expectation matches -a.b (machine precision).

[7] OUTPUTS

Wrote /app/sandbox/session_20260713_122312_cdac5e36d818/results/optimal_settings.json
Wrote /app/sandbox/session_20260713_122312_cdac5e36d818/figures/S_landscape.png
Wrote /app/sandbox/session_20260713_122312_cdac5e36d818/figures/S_landscape.pdf

DONE in 12.43 s

Listing 1: Symbolic and numerical verification output (results/analytical_proof.txt).

B Raw Quantum Monte Carlo Correlator Values

Table 3 lists the raw outcome counts underlying every correlator in Table 1, exactly as recorded
by the simulator (seed 42, N = 10° shots each). These values, together with the full machine-
readable record in data/quantum_mc_correlators.csv and data/quantum_mc_summary. json,
permit exact reconstruction of the CHSH estimate.

Table 3: Raw +1 outcome counts, correlator estimates, and both standard-error estimates for the
four quantum Monte Carlo settings (N = 10° shots each).

Correlator Nyt N,i_ N_4 N__ E o 0’%5

E(a,b) 72930 427277 426694 73099 —0.707942 0.00070627  0.00068153
E(a,b’) 426970 73411 73330 426289 +0.706518  0.00070770  0.00071702
E(a’,b) 73427 427086 426249 73238 —0.706670 0.00070754  0.00070968
E(a’,b") 73432 426801 426571 73196 —0.706744 0.00070747  0.00071604

CHSH: Sesy = —2.827874, o2 =0.0014145, o2 = 0.0013997

For the local hidden-variable model, the full 10*-configuration sweep is recorded in data/
1hv_sweep_results.csv (each row giving the four measurement vectors, the four pairwise
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15

35

angles, and the analytic and Monte Carlo correlators and CHSH values), and the 61-point
correlation validation in data/lhv_validation.csv. Summary statistics for both stages are

stored in data/lhv_summary.json. The sweep maxima are |S|2nalvtic — 1999998 (configuration

1091) and mean |S| = 0.7212, with zero violations of the Bell bound.

C Source Code

The three scripts below constitute the complete, self-contained analysis pipeline. They were
executed with Python 3.12.10 using NumPy 2.5.1 [35], SciPy 1.18.0 [37], SymPy 1.14.0, pan-
das 3.0.5, and Matplotlib 3.11.1 [36], with all stochastic components seeded (global seed 42,
bootstrap seed 43) for exact reproducibility.

C.1 Analytical derivation and optimization

#!/usr/bin/env python3

nnn

Step 1 - Analytical verification of quantum correlations and optimal CHSH settings.

This script performs, for the spin-1/2 singlet state
|psi®=> = (1/sqrt(2)) (lup down> - |down up>),

1. A rigorous SYMBOLIC derivation (sympy) of the spin correlation
E(a, b) = <psi™-| (a.sigma) (x) (b.sigma) |psi™=> = -a . b
for arbitrary real unit vectors a, b in R73.

2. Restriction of the measurement directions to a common (coplanar) plane,
parametrized by angles (theta_a, theta_a', theta_b, theta_b'), giving
E(a, b) = -cos(theta_a - theta_b).

3. Definition of the CHSH quantity
S = E(a,b) - E(a,b') + E(a',b) + E(a',b")
and its symbolic + numerical maximization, confirming that the extremum
of |S| equals the Tsirelson bound 2*sqrt(2) ~= 2.8284271247.

4. An independent fully-numerical quantum cross-check (numpy) of E(a,b) = -a.b.

Outputs

results/optimal_settings.json : structured optimal measurement settings.
results/analytical_proof.txt : human-readable proof / summary.
figures/S_landscape.png/.pdf : CHSH landscape heatmap illustrating the bound.

Convention note

We use the physically exact singlet convention E(a,b) = -a.b = -cos(theta_ab).
Because of this intrinsic minus sign, the classic textbook settings

(theta_a, theta_a', theta_b, theta_b') = (0, 90, 45, 135) deg give S = -2*sqrt(2),
i.e. |S| = 2*sqrt(2) (maximal violation / Tsirelson bound). The positive branch

S = +2*sqrt(2) is reached by an equivalent relabelling (see JSON output).

nun

import json
import time
from pathlib import Path

import numpy as np
import sympy as sp

SESSION = Path("/app/sandbox/session_20260713_122312_cdac5e36d818")
RESULTS = SESSION / "results"

FIGURES SESSION / "figures"

RESULTS.mkdir (parents=True, exist_ok=True)

FIGURES.mkdir (parents=True, exist_ok=True)

np.random.seed (42)
TSIRELSON = 2.0 * np.sqrt(2.0) # 2.8284271247461903
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def kron(A, B):
"""Kronecker (tensor) product returning a sympy Matrix."""
return sp.Matrix(sp.kronecker_product(A, B))

RS I

-~

%]

SIS, LS TG
b -

60 def main():

61 t0 = time.time()

62 proof_lines = []

63

64 def log(msg=""):

65 print(msg, flush=True)

66 proof_lines.append(msg)

67

68 log("=" x 78)

69 log("CHSH BELL INEQUALITY - STEP 1: ANALYTICAL DERIVATION")

70 log("=" % 78)

71 log(f"numpy {np.__version__} | sympy {sp.__version__3}")

79 10g(" u)

73

74 #

75 # 1. Symbolic setup: Pauli matrices, spin basis, singlet state
76 #

77 log("-" * 78)

78 log("[1] SYMBOLIC SETUP")

79 log("-" * 78)

80

81 sx = sp.Matrix([[0, 1], [1, 0]1)

82 sy = sp.Matrix([[0, -sp.I], [sp.I, 011)

83 sz = sp.Matrix([[1, 0], [0, -111)

84

85 up = sp.Matrix([1, 0]) # |up>

86 down = sp.Matrix([0, 1]) # [down>

87

88 # Two-qubit basis ordering: [up up>, [up down>, [down up>, [down down>
89 # Singlet state [psi™=> = ([up down> - [down up>) / sqrt(2)

90 psi = (kron(up, down) - kron(down, up)) / sp.sqrt(2)

9

92 log("Pauli matrices:")

93 log(f" sigma_x = {sx.tolist()}")

94 log(f" sigma_y = {sy.tolist()}")

95 log(f" sigma_z = {sz.tolist()}")

96 log("")

97 log("Singlet state |psi™=> = (1/sqrt(2)) (lup down> - |down up>)")
98 log(f" column vector (basis |uu>,|ud>,|du>,|dd>) = {psi.T.tolist() [0]}")
99 # normalization check

100 norm2 = sp.simplify((psi.conjugate().T * psi)[0])

101 log(f" <psi”-|psi™-> = {norm2} (must be 1)")

102 assert norm2 ==

103 log("")

104

105 #

106 # 2. Symbolic proof: E(a,b) = <psi ™=/ (a.sigma) (z)(b.sigma) [psi™=> = -a.b
107 #

108 log("-" * 78)

109 log("[2] SYMBOLIC PROOF E(a,b) = -a.b (arbitrary vectors in R73)")
110 log("-" * 78)

111

112 ax, ay, az = sp.symbols("a_x a_y a_z", real=True)

113 bx, by, bz = sp.symbols("b_x b_y b_z", real=True)

114

115 A_op = ax * sx + ay * sy + az * sz # a . sigma

116 B_op = bx * sx + by * sy + bz * sz # b . sigma

117 M = kron(A_op, B_op) # (a.sigma) (z) (b.sigma)
118

119 E_expr = (psi.conjugate().T * M * psi) [0]

120 E_expr = sp.simplify(sp.expand(E_expr))

121 log(f" E(a,b) [sympyl = {E_expr}")

122

123 target = -(ax * bx + ay * by + az * bz)

124 residual = sp.simplify(E_expr - target)

125 log(f" target = -(a_x b_x + a_y b_y + a_z b_z) = -a.b")
126 log(f" E(a,b) - (-a.b) = {residual} (must be 0)")
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127
128
129
130
131

132
133
134
135
136
137
138
139
140
141

142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161

162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191

192
193
194
195
196
197
198
199

assert residual == 0, "Symbolic proof E=-a.b FAILED"
log(" ==> PROVEN: E(a,b) = -a.b (exact, symbolic).")
log("™)

#
# 3. Coplanar parametrization a=(cos th, sin th, 0) => E=-cos(th_a-th_b)
#
log(n_n * 78)
log("[3] COPLANAR PARAMETRIZATION -> E(a,b) = -cos(theta_a - theta_b)")
log("—" * 78)

tha, thap, thb, thbp = sp.symbols(
"theta_a theta_ap theta_b theta_bp", real=True
)
E_plane = E_expr.subs(
{ax: sp.cos(tha), ay: sp.sin(tha), az: O,
bx: sp.cos(thb), by: sp.sin(thb), bz: 0}
)
E_plane = sp.simplify(E_plane)
log(f" E(theta_a, theta_b) = {E_planel}")
check = sp.simplify(E_plane + sp.cos(tha - thb))
log(f" E - (-cos(theta_a - theta_b)) = {check} (must be 0)")
assert check ==
log(" ==> CONFIRMED: E(a,b) = -cos(theta_a - theta_b).")
10g("")

#
# 4. Symbolic CHSH quantity, gradient and value at canonical settings
#
log("-" * 78)
log("[4] SYMBOLIC CHSH S = E(a,b) - E(a,b') + E(a',b) + E(a',b')")
log("-" * 78)

def Efun(tl, t2):
return -sp.cos(tl - t2)

S_sym = (Efun(tha, thb) - Efun(tha, thbp)
+ Efun(thap, thb) + Efun(thap, thbp))
S_sym = sp.simplify(S_sym)

log(f" S(theta_a,theta_a',theta_b,theta_b') = {S_sym}")
grad = [sp.diff(S_sym, v) for v in (tha, thap, thb, thbp)]

# Canonical textbook settings (radians)
canonical = {tha: sp.Integer(0), thap: sp.pi / 2,
thb: sp.pi / 4, thbp: 3 * sp.pi / 4}
S_can = sp.simplify(S_sym.subs(canonical))
grad_can = [sp.simplify(g.subs(canonical)) for g in grad]
10g("")
log(" Canonical settings (theta_a, theta_a', theta_b, theta_b') "
"= (0, pi/2, pi/4, 3pi/4)")

log(£" S = {S_can} = {float(S_can):.10f}")

log(f" grad_theta S = {grad_can} (all zero => stationary point)")

assert all(g == 0 for g in grad_can), "Gradient not zero at canonical point"
assert sp.simplify(S_can + 2 * sp.sqrt(2)) ==

log(f" ==> |S| = 2xsqrt(2) = {TSIRELSON:.10f} (Tsirelson bound).")

1og("ll)

#

# 5. Numerical global optimization of S over the 4 angles

#

log("-" * 78)

log("[5] NUMERICAL GLOBAL OPTIMIZATION OF S")
log("-" * 78)

from scipy.optimize import minimize
def S_num(x):

ta, tap, tb, tbp = x

E = lambda u, v: -np.cos(u - v)

return E(ta, tb) - E(ta, tbp) + E(tap, tb) + E(tap, tbp)

rng = np.random.default_rng(42)
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200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241

n_restarts = 300
best_max, best_max_x = -np.inf, None
best_min, best_min_x = np.inf, None
for i in range(n_restarts):
x0 = rng.uniform(0.0, 2.0 * np.pi, size=4)
rmax = minimize(lambda x: -S_num(x), x0, method="BFGS")
if -rmax.fun > best_max:
best_max, best_max_x = float(-rmax.fun), rmax.x.copy()
rmin = minimize(lambda x: S_num(x), xO, method="BFGS")
if rmin.fun < best_min:
best_min, best_min _x = float(rmin.fun), rmin.x.copy()
if (i + 1) % 50 ==
log(£f" restart {i + 1}/{n_restarts}: "
f"best_max={best_max:.8f} best_min={best_min:.8f}")

def wrap(x):
return [float(v % (2.0 * np.pi)) for v in x]

log("™)
log(f" Global max S

{best_max:.10f} (Tsirelson = {TSIRELSON:.10f})")
log(f" Global min S = {best_min:.10f} (-Tsirelson = {-TSIRELSON:.10f})")
log(f" max|S| {max (abs (best_max), abs(best_min)):.10f}")

log(f" Imax S - 2sqrt2| = {abs(best_max - TSIRELSON):.2e}")

log(f" |min S + 2sqrt2| = {abs(best_min + TSIRELSON):.2e}")

assert abs(best_max - TSIRELSON) < le-6

assert abs(best_min + TSIRELSON) < le-6

log(" ==> Numerical optimum matches Tsirelson bound to machine precision.")
log("")

# value of S at canonical settings (numerical), for downstream MC target
canonical_np = np.array([0.0, np.pi / 2, np.pi / 4, 3 * np.pi / 41)
S_can_num = S_num(canonical_np)

log(f" S at canonical (0,90,45,135 deg) [numerical]l = {S_can_num:.10f}")

#
# 6. Independent numerical quantum cross-check of E(a,b) = -a.b
#
log(n_n * 78)
log("[6] NUMERICAL QUANTUM CROSS-CHECK E(a,b) = -a.b (random vectors)")
10g(||_ll * 78)

sx_n = np.array([[0, 1], [1, 0]], dtype=complex)

sy_n = np.array([[0, -1j], [1j, 0]], dtype=complex)

sz_n = np.array([[1, 0], [0, -1]], dtype=complex)

psi_n = np.array([0, 1, -1, 0], dtype=complex) / np.sqrt(2)

max_err = 0.0
for _ in range(10000):
= rng.normal (size=3)
/= np.linalg.norm(a)
= rng.normal (size=3)
/= np.linalg.norm(b)
= al0] * sx_n + al[1] * sy_n + a[2] * sz_n
b[0] * sx_n + b[1] * sy_n + b[2] * sz_n
Mn = np.kron(A, B)
E_quantum = np.real(psi_n.conj() @ Mn @ psi_n)
E_dot = -np.dot(a, b)
max_err = max(max_err, abs(E_quantum - E_dot))
log(f" max|E_quantum - (-a.b)| over 10000 random unit-vector pairs "
f"= {max_err:.3e}")
assert max_err < le-12
log(" ==> Numerical quantum expectation matches -a.b (machine precision).")
10g(|| ||)

W= o o el

#
# 7. Build measurement vectors and assemble optimal-settings record
#
def unit_vec(theta):

return [float(np.cos(theta)), float(np.sin(theta)), 0.0]

canon_angles_rad = {"a": 0.0, "a_prime": float(np.pi / 2),
"b": float(np.pi / 4), "b_prime": float(3 * np.pi / 4)}
{k: float(np.degrees(v))

canon_angles_deg
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for k, v in canon_angles_rad.items()}
canon_vectors = {k: unit_vec(v) for k, v in canon_angles_rad.items()}

# Positive branch S = +2sqrt(2): shift both of Alice's angles by pi
pos_angles_rad = {"a": float(np.pi), "a_prime": float(3 * np.pi / 2),

"b": float(np.pi / 4), "b_prime": float(3 * np.pi / 4)}
pos_S = S_num(np.array([pos_angles_radl[k]

for k in ("a", "a_prime", "b", "b_prime")]))

settings = {

"description": (
"Optimal CHSH measurement settings for the spin-1/2 singlet "
"state. Correlation convention E(a,b) = -a.b ="
"-cos(theta_a - theta_b). CHSH: "
"S = E(a,b) - E(a,b') + E(a',b) + E(a',b"')."

Do

"convention": {
"state": "singlet |psi”-> = (lud> - |du>)/sqrt(2)",

"correlation": "E(a,b) = -a.b = -cos(theta_a - theta_b)",
"chsh": "S = E(a,b) - E(a,b') + E(a',b) + E(a',b")",
"measurement_plane": "x-y plane; a = (cos theta, sin theta, 0)",

o
"tsirelson_bound": TSIRELSON,
"classical_bound": 2.0,
# Primary settings for downstream Monte Carlo (standard texztbook set)
"optimal_settings": {
"note": (
"Standard Bell-test settings with 45-degree relative angles. "
"Under E=-a.b these give S = -2sqrt(2); [S| = 2sqrt(2) is the "
"maximal (Tsirelson) violation. Use these for the Monte Carlo "
"simulation; the expected signed CHSH value is S_expected."
),
"angles_rad": canon_angles_rad,
"angles_deg": canon_angles_deg,
"unit_vectors": canon_vectors,
"S_expected": float(S_can_num),
"abs_S_expected": float(abs(S_can_num)),
o
# Equivalent positive branch (S = +2sqrt(2))
"optimal_settings_positive_branch": {
"note": ("Relabelled settings (Alice's directions reversed) that "
"yield S = +2sqrt(2)."),
"angles_rad": pos_angles_rad,
"angles_deg": {k: float(np.degrees(v))
for k, v in pos_angles_rad.items()},
"unit_vectors": {k: unit_vec(v)
for k, v in pos_angles_rad.items()},
"S_expected": float(pos_S),
To
# Raw numerical global optimization results
"numerical_optimization": {
"n_restarts": n_restarts,
"seed": 42,
"global_max_S": best_max,
"global_max_angles_rad": wrap(best_max_x),
"global_min_S": best_min,
"global_min_angles_rad": wrap(best_min_x),
"max_abs_S": float(max(abs(best_max), abs(best_min))),
}9
"provenance": {
"numpy_version": np.__version__,
"sympy_version": sp.__version__,
"script": "workflow/01_analytical_derivation.py",
}’
¥

out_json = RESULTS / "optimal_settings.json"

with open(out_json, "w") as f:
json.dump(settings, f, indent=2)

10g("_ll * 78)

log("[7] OUTPUTS")

log("-" * 78)

log(f" Wrote {out_json}")
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TR W N =

# - __ _— ——
# 8. Figure: CHSH landscape heatmap (theta_a=0, theta_a'=pi/2 fized)
#
import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt

n = 300

tb = np.linspace(0, 2 * np.pi, n)

tbp = np.linspace(0, 2 * np.pi, n)

TB, TBP = np.meshgrid(tb, tbp)

ta, tap = 0.0, np.pi / 2

E = lambda u, v: -np.cos(u - v)

Sgrid = (E(ta, TB) - E(ta, TBP) + E(tap, TB) + E(tap, TBP))

fig, ax = plt.subplots(figsize=(7, 5.5))

im = ax.pcolormesh(np.degrees(TB), np.degrees(TBP), Sgrid,
cmap="RdBu_r", vmin=-TSIRELSON, vmax=TSIRELSON,
shading="auto")

cb = fig.colorbar(im, ax=ax)

cb.set_label("S(theta_b, theta_b') [theta_a=0, theta_a'=90 degl")

# mark canonical extremum (45,135)

ax.plot(45, 135, "k*", markersize=15, label="canonical (S=-2sqrt2)")

cs = ax.contour(np.degrees(TB), np.degrees(TBP), Sgrid,

levels=[-2.0, 2.0], colors="k", linewidths=0.8,
linestyles="--")

ax.clabel(cs, fmt="classical |S|=2")

ax.set_xlabel("theta_b (deg)")

ax.set_ylabel("theta_b' (deg)")

ax.set_title("CHSH landscape: S reaches +/-2sqrt(2) (Tsirelson bound)")

ax.legend(loc="upper right", fontsize=8)

fig.tight_layout()

fig.savefig(FIGURES / "S_landscape.png", dpi=200, bbox_inches="tight")

fig.savefig(FIGURES / "S_landscape.pdf", bbox_inches="tight")

plt.close(fig)

log(f" Wrote {FIGURES / 'S_landscape.png'}")

log(f" Wrote {FIGURES / 'S_landscape.pdf'}")

#

# 9. Write human-readable proof / summary tewxt
#

1og(|| II)

log("=" * 78)
log(£"DONE in {time.time() - t0:.2f} s")
log("=" * 78)

proof_text = "\n".join(proof_lines) + "\n"

out_txt = RESULTS / "analytical_proof.txt"

with open(out_txt, "w") as f:
f.write(proof_text)

print (f"Wrote {out_txt}", flush=True)

if __name__ Wg

main()

== "__main__

Listing 2: 01_analytical_derivation.py — symbolic proof of F = —a - b, symbolic CHSH
gradient, and 300-restart numerical global optimization.

C.2 Quantum Monte Carlo simulation

#!1/usr/bin/env python3

Step 2: Quantum Monte Carlo Simulation of Bell-Inequality (CHSH) Violation.
Simulates measurement outcomes (+/-1) for the spin-1/2 singlet state

[psi™=> = (Jud> - |du>)/sqrt(2) at the optimal CHSH settings derived in Step 1,
using exact quantum joint outcome probabilities.
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Correlation convention (matches results/optimal_settings.json):
E(a, b) = -a.b = -cos(theta_a - theta_b)

Exact quantum joint probabilities for outcomes A, B in {+1, -1}:
P(+1,+1) = P(-1,-1) = (1 - a.b) / 4 = (1 - cos(theta_a - theta_b)) / 4
P(+1,-1) = P(-1,+1) = (1 + a.b) / 4 = (1 + cos(theta_a - theta_b)) / 4

CHSH quantity:
S = E(a,b) - E(a,b') + E(a',b) + E(a',b")

For the canonical settings (0, 90, 45, 135) deg this yields the maximal
(Tsirelson) violation S = -2xsqrt(2), i.e. |S| = 2*sqrt(2) ~= 2.8284.

Outputs

results/quantum_mc_correlators.csv : per-correlator raw statistics + counts

results/quantum_mc_summary.json : full summary (S, errors, bootstrap, meta)
figures/mc_convergence.{png,pdf} : |S_est| convergence vs shot count N
figures/mc_correlators.{png,pdf} : theory vs simulated correlators & CHSH
Run:

python3 workflow/02_quantum_monte_carlo.py

nun

import json

import platform

import sys

import time

from datetime import datetime, timezone

import numpy as np
import pandas as pd
import matplotlib

matplotlib.use("Agg")
import matplotlib.pyplot as plt

# #
# Paths & global parameters

# #
SESSION = "/app/sandbox/session_20260713_122312_cdac5e36d818"

RESULTS = f£"{SESSION}/results"

FIGURES = f"{SESSION}/figures"

SETTINGS_JSON = f"{RESULTS}/optimal_settings.json"

SEED = 42
N_SHOTS = 1_000_000 # shots per correlator
N_BOOTSTRAP = 1_000 # bootstrap resamples

CLASSICAL_BOUND = 2.0
TSIRELSON_BOUND = 2.0 * np.sqrt(2.0)

def log(msg: str) -> None:
"""Timestamped progress logging."""
print (£" [{time.strftime ('%H:%M:%S')}] {msgl}", flush=True)

# #
# Physics helpers
# #
def quantum_correlation(theta_a: float, theta_b: float) -> float:

"""Exact singlet correlation E(a,b) = -cos(theta_a - theta_b) (radiams)."""

return -np.cos(theta_a - theta_b)

def joint_probabilities(theta_a: float, theta_b: float) -> np.ndarray:

nun

Exact quantum joint outcome probabilities for the singlet state.

Returns probabilities in the category order [++, +-, -+, —-]:
P(++) = P(--) = (1 - cos(theta_a - theta_b)) / 4
P(+-) = P(-+) = (1 + cos(theta_a - theta_b)) / 4

nun
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cos_d = np.cos(theta_a - theta_b)
p_pp = (1.0 - cos_d) / 4.0
p.mm = (1.0 - cos_d) / 4.0
p_pm = (1.0 + cos_d) / 4.0
pmp = (1.0 + cos_d) / 4.0
probs = np.array([p_pp, p_pm, p_mp, p_mm], dtype=np.float64)
# Guard against tiny negative/round-off; renormalise to a walid pmf.
probs = np.clip(probs, 0.0, None)
probs /= probs.sum()
return probs
def sample_outcomes(probs: np.ndarray, n: int, rng: np.random.Generator):
Draw n categorical outcomes from “probs™ (order [++, +-, -+, —--]).
Uses inverse-CDF sampling on uniform draws for speed.
Returns
products : np.ndarray[int8] per-shot product A_i * B_i in {+1, -1}
counts : np.ndarray[int64] [N_++, N_+-, N_-+, N_--]
cum = np.cumsum(probs)
cum[-1] = 1.0 # ensure the last bin captures u == 1 - eps
u = rng.random(n)
cats = np.searchsorted(cum, u, side="right").astype(np.int8)
counts = np.bincount(cats, minlength=4).astype(np.int64)
# Product is +1 for categories ++ (0) and -- (3); -1 for +- (1), -+ (2).
products = np.where((cats == 0) | (cats == 3), 1, -1).astype(np.int8)
return products, counts
#
# Main
#
def main() -> None:
t0 = time.time()
log("=" * 70)
log("Step 2: Quantum Monte Carlo Simulation of CHSH Violation")
10g("=" * 70)
# - 1. Load optimal settings #
log(f"Loading optimal settings from {SETTINGS_JSON}")
with open(SETTINGS_JSON, "r") as f:
settings = json.load(f)
opt = settings["optimal_settings"]
ang = opt["angles_rad"]
ang_deg = opt["angles_deg"]
theta = {
"a": float(ang["a"l),
"a_prime": float(ang["a_prime"l),
"b": float(ang["b"]),
"b_prime": float(ang["b_prime"]),
}
S_expected = float(opt["S_expected"])
log("Parameter / design log:")
log(f" seed = {SEED}")
log(f" shots per correlator= {N_SHOTS:,}")
log(f" bootstrap resamples = {N_BOOTSTRAP:,}")
log(f" convention = {settings['convention']['correlation']}")
log(
" angles (deg): a=%.1f a'=y),.1f b=V.1f b'=}.1f"
% (ang_degl["a"], ang_degl["a_prime"], ang_deg["b"], ang_deg["b_prime"])
)
log(f" S_expected (signed) = {S_expected:.10f}")
log(f" Tsirelson bound = {TSIRELSON_BOUND:.10f}")
log(f" <classical bound = {CLASSICAL_BOUND:.1f}")
# CHSH is built from these four (setting_A, setting_B) pairs.
# sign is the coefficient of each correlator in S.
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155 correlator_defs = [

Jj')() (llE(a’b)", llall’ Ilb|l’ +1),

157 ("B, ")T, Dal/ "b_prime", -1),

158 ("E(a',b) ||, "a_prime", "b", +1),

159 ("E(a',b")", "a_prime", "b_prime", +1),

160 ]

161

162 # - 2. Monte Carlo sampling #
163 rng = np.random.default_rng(SEED)

164 products_by_pair = {} # label -> per-shot int8 product array

165 records = [] # per-correlator summary Tows

166

167 log("-" % 70)

168 log("Sampling quantum measurement outcomes ...")

169 for label, keyA, keyB, sign in correlator_defs:

170 tA, tB = thetalkeyA], thetal[keyB]

171 probs = joint_probabilities(tA, tB)

172 E_theory = quantum_correlation(tA, tB)

173

174 prod, counts = sample_outcomes(probs, N_SHOTS, rng)

175 products_by_pair[label]l = prod

176

177 n_pp, n_pm, n_mp, n_mm = (int(c) for c in counts)

178 E_est = float(prod.mean()) # (N++ + N-- - N+- - N-+)/N
179 sigma_E = float(np.sqrt((1.0 - E_est**2) / N_SHOTS))

180 delta_deg = np.degrees(tA - tB)

181

182 log(

183 f" {label:9s} theta_A={np.degrees(tA):6.1f} theta_B={np.degrees(tB):6.1f} "
184 £"| E_th={E_theory:+.4f} E_est={E_est:+.6f} sigmaE={sigma_E:.2e} "
185 £"| N++={n_pp} N+-={n_pm} N-+={n_mp} N--={n_mm}"

186 )

187

188 records.append(

189 {

190 "correlator": label,

191 "setting_A": keyA,

192 "setting B": keyB,

193 "chsh_sign": sign,

194 "theta_A_deg": float(np.degrees(tA)),

195 "theta_B_deg": float(np.degrees(tB)),

196 "delta_deg": float(delta_deg),

197 "N_shots": int(N_SHOTS),

198 "N_pp": n_pp,

199 "N_pm": n_pm,

200 "N_mp": n_mp,

201 "N_mm": n_mm,

202 "P_pp_theory": float(probs[0]),

203 "P_pm_theory": float(probs[1]),

204 "P_mp_theory": float(probs[2]),

205 "P_mm_theory": float(probs([3]),

206 "E_theory": float(E_theory),

207 "E_est": E_est,

208 "sigma_E_analytic": sigma_E,

209 "abs_error": float(abs(E_est - E_theory)),

210 "z_score": float(abs(E_est - E_theory) / sigma_E) if sigma_E > 0 else 0.0,
211 ¥

212 )

213

214 # - 3. CHSH quantity & analytic uncertainty propagation ——-——----- #
215 S_est = sum(sign * r["E_est"] for r, (_, _, _, sign)

216 in zip(records, correlator_defs))

217 sigma_S_analytic = float(

218 np.sqrt(sum(r["sigma_E_analytic"] #* 2 for r in records))

219

220 log("-" % 70)

221 log(£f"S_est (signed) = {S_est:+.6f}")

222 log(f"|S_est| = {abs(S_est):.6f}")

223 log(f"sigma_S (analytic) = {sigma_S_analytic:.6e}")

224

225 fA === 4. Bootstrap error verification == #
226 log("-" * 70)

227 log(f"Bootstrap error verification ({N_BOOTSTRAP} resamples per correlator)...")
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228 boot_E = {} # label -> bootstrap distribution of E (length N_BOOTSTRAP)

229 boot_rng = np.random.default_rng(SEED + 1)

230 for label, _, _, _ in correlator_defs:

231 prod = products_by_pair[label]

232 n = prod.size

233 boot_means = np.empty(N_BOOTSTRAP, dtype=np.float64)

234 for b in range(N_BOOTSTRAP) :

235 idx = boot_rng.integers(0, n, size=n, dtype=np.int64)

236 boot_means[b] = prod[idx].mean()

237 if (b + 1) % 200 == 0:

238 log(£" {label}: bootstrap {b + 1}/{N_BOOTSTRAP}")

239 boot_E[label] = boot_means

240 se_boot = float(boot_means.std(ddof=1))

241 # attach bootstrap SE to the matching record

242 for r in records:

243 if r["correlator"] == label:

244 r["sigma_E_bootstrap"] = se_boot

245 r["E_bootstrap_mean"] = float(boot_means.mean())

246 break

247 log(f" {label:9s} sigma E analytic={next(rr['sigma_E_analytic'] for rr in records if rr['
correlator']==label):.6e}"

248 f" bootstrap={se_boot:.6e}")

249

250 # Bootstrap distribution of S (correlators are independent -> combine

251 # matched resample indices with the CHSH signs).

252 S_boot = np.zeros(N_BOOTSTRAP, dtype=np.float64)

253 for (label, _, _, sign) in correlator_defs:

254 S_boot += sign * boot_E[label]

255 sigma_S_bootstrap = float(S_boot.std(ddof=1))

256 S_boot_mean = float(S_boot.mean())

257 log(f" sigma_S analytic={sigma_S_analytic:.6e} bootstrap={sigma_S_bootstrap:.6e}")

258

259 # - 5. Violation significance #

260 abs_S = abs(S_est)

261 n_sigma_classical = (abs_S - CLASSICAL_BOUND) / sigma_S_analytic

262 n_sigma_classical_boot = (abs_S - CLASSICAL_BOUND) / sigma_S_bootstrap

263 dev_from_tsirelson_sigma = abs(abs_S - TSIRELSON_BOUND) / sigma_S_analytic

264 log("-" * 70)

265 log(f"Classical bound violation: |S|-2 = {abs_S - CLASSICAL_BOUND:.6£f}")

266 log(f" = {n_sigma_classical:.1f} sigma (analytic), "

267 f"{n_sigma_classical_boot:.1f} sigma (bootstrap)")

268 log(f"|S_est| deviation from Tsirelson bound: "

269 f"{abs(abs_S - TSIRELSON_BOUND):.6e} ({dev_from_tsirelson_sigma:.2f} sigma)")

270

271 # - 6. Convergence curve (uses the same simulated shots) —--——------— #

272 log("-" * 70)

273 log("Computing S convergence vs shot count N ...")

274 # cumulative sums of the per-shot products for each correlator

275 cumsum_by_pair = {

276 label: np.cumsum(products_by_pair[label] .astype(np.int64))

277 for label, _, _, _ in correlator_defs

278 }

279 n_grid = np.unique(np.logspace(2, 6, 40).astype(np.int64))

280 n_grid = n_grid[(n_grid >= 100) & (n_grid <= N_SHOTS)]

281 if n_grid[-1] !'= N_SHOTS:

282 n_grid = np.append(n_grid, N_SHOTS)

283

284 S_curve = np.empty(n_grid.size, dtype=np.float64)

285 sigmaS_curve = np.empty(n_grid.size, dtype=np.float64)

286 for i, n in enumerate(n_grid):

287 S_n=20.0

288 var_n = 0.0

289 for (label, _, _, sign) in correlator_defs:

290 E_n = cumsum_by_pair[label]l[n - 1] / n

291 S_n += sign * E_n

292 var_n += (1.0 - E_n**2) / n

293 S_curvel[i] = S_n

294 sigmaS_curve[i] = np.sqrt(var_n)

205 absS_curve = np.abs(S_curve)

296

297 S 7. Ezport results == == == #

298 log("-" * 70)

299 log("Exporting results ...")
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df = pd.DataFrame(records)

col_order = [
"correlator", "setting_ A", "setting B", "chsh_sign",
"theta_A_deg", "theta_B_deg", "delta_deg", "N_shots",
"N_PP" s "N_pm" ) "N_mp" , llN_mmll ,
"P_pp_theory", "P_pm_theory", "P_mp_theory", "P_mm_theory",
"E_theory", "E_est", "sigma_E_analytic", "sigma_E_bootstrap",
"E_bootstrap_mean", "abs_error", "z_score",

]

df = df [col_order]

csv_path = £"{RESULTS}/quantum_mc_correlators.csv"

df .to_csv(csv_path, index=False)

log(f" wrote {csv_path}")

summary = {

"description": (
"Quantum Monte Carlo simulation of the spin-1/2 singlet-state CHSH "
"violation at the optimal settings. Outcomes (+/-1) sampled from the "
"exact quantum joint probabilities P(A,Bla,b)."

)’

"convention": settings["convention"],

"parameters": {
"seed": SEED,
"seed_bootstrap": SEED + 1,
"n_shots_per_correlator": N_SHOTS,
"n_state_preparations_total": 4 * N_SHOTS,
"n_bootstrap": N_BOOTSTRAP,
"settings_angles_deg": ang_deg,
"settings_angles_rad": ang,

To
"bounds": {
"classical_bound": CLASSICAL_BOUND,
"tsirelson_bound": TSIRELSON_BOUND,
}’

"correlators": {
r["correlator"]: {
"theta_A_deg": r["theta_A_deg"],
"theta_B_deg": r["theta_B_deg"],
"delta_deg": r["delta_deg"],
"chsh_sign": r["chsh_sign"],
"counts": {
"N_pp": r ["N_PP"] s “N_pm": r["N_pm"] s
|lN_mp|| . T ["N_mpll] . ||N_mm" . T [llN_mmll] .
Do
"E_theory": r["E_theory"],
"E_est": r["E_est"],
"sigma_E_analytic": r["sigma_E_analytic"],
"sigma_E_bootstrap": r["sigma_E_bootstrap"],
"abs_error": r["abs_error"],
"z_score": r["z_score"],

¥
for r in records
To
"chsh": {
"S_theory": S_expected,
"S_est": S_est,
"abs_S_est": abs_S,
"sigma_S_analytic": sigma_S_analytic,
"sigma_S_bootstrap": sigma_S_bootstrap,
"S_bootstrap_mean": S_boot_mean,
"abs_error_vs_theory": float(abs(S_est - S_expected)),
"deviation_from_tsirelson": float(abs(abs_S - TSIRELSON_BOUND)),
"deviation_from_tsirelson_sigma": float(dev_from_tsirelson_sigma),
}’

"violation": {
"excess_over_classical": float(abs_S - CLASSICAL_BOUND),
"n_sigma_over_classical_analytic": float(n_sigma_classical),
"n_sigma_over_classical_bootstrap": float(n_sigma_classical_boot),
"violates_classical_bound": bool(abs_S > CLASSICAL_BOUND),

Po

"success_criteria": {
"shots_ge_1e5": bool(N_SHOTS >= 1e5),
"absS_matches_tsirelson_within_uncertainty": bool(
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abs(abs_S - TSIRELSON_BOUND) <= 5.0 * sigma_S_analytic

),
"classical_violation_gt_400_sigma": bool(n_sigma_classical > 400.0),
}’
"provenance": {
"script": "workflow/02_quantum_monte_carlo.py",
"timestamp_utc": datetime.now(timezone.utc).isoformat(),
"python_version": sys.version.split()[0],
"platform": platform.platform(),
"numpy_version": np.__version__,
"pandas_version": pd.__version__,
"matplotlib_version": matplotlib.__version__,
},

}
summary_path = f"{RESULTS}/quantum_mc_summary.json"
with open(summary_path, "w") as f:
json.dump (summary, f, indent=2)
log(f" wrote {summary_path}")

# - 8. Figures - #
log("-" * 70)
log("Generating figures ...")
plt.rcParams.update ({
"font.family": "sans-serif",

"font.size": 10,
"axes.linewidth": 0.8,
"savefig.dpi": 300,

b

# -——— Figure 1: convergence of [S_est| to the Tsirelson bound -——— #
fig, ax = plt.subplots(figsize=(7.2, 5.0))

ax.axhline (TSIRELSON_BOUND, color="#c0392b", 1ls="--", 1lw=1.3,

label=r"Tsirelson bound $2\sqrt{2}\approx2.8284$")
ax.axhline (CLASSICAL_BOUND, color="#2c3e50", 1ls=":", 1lw=1.3,
label=r"Classical bound $|S|=2$")
ax.fill_between(
n_grid, absS_curve - 3.0 * sigmaS_curve, absS_curve + 3.0 * sigmaS_curve,
color="#3498db", alpha=0.25, label=r"$3\sigma$ band",

ax.plot(n_grid, absS_curve, "-o", color="#2980b9", ms=3.5, lw=1.4,
label=r"$|S_{\mathrm{est}}(N) |$")

ax.axhspan(0, CLASSICAL_BOUND, color="#7f8c8d", alpha=0.06)

ax.text(1.2e2, CLASSICAL_BOUND - 0.12, "classically allowed region",
fontsize=8, color="#555555")

ax.set_xscale("log")

ax.set_xlabel("Shots per correlator, $N$")

ax.set_ylabel(r"$|S_{\mathrm{est}}|$")

ax.set_title("Monte Carlo convergence of CHSH $|S|$ to the Tsirelson bound")

ax.set_ylim(1.6, 3.0)

ax.set_x1im(90, 1.3e6)

ax.legend(loc="lower right", fontsize=8, framealpha=0.95)

ax.grid(True, which="both", 1ls=":", alpha=0.4)

fig.tight_layout()

for ext in ("png", "pdf"):

fig.savefig(£"{FIGURES}/mc_convergence.{ext}", bbox_inches="tight")
plt.close(fig)
log(f" wrote {FIGURES}/mc_convergence.png / .pdf")

# —---- Figure 2: theory vs simulated correlators & CHSH ---- #
fig, (axl, ax2) = plt.subplots(l, 2, figsize=(11.0, 4.8),
gridspec_kw={"width_ratios": [1.6, 1.0]})

labels = [r["correlator"] for r in records]

E_th = np.array([r["E_theory"] for r in records])

E_sim = np.array([r["E_est"] for r in records])

E_err = np.array([3.0 * r["sigma E_analytic"] for r in records])

x = np.arange(len(labels))

w = 0.38

axl.bar(x - w / 2, E_th, w, color="#95a5a6", label="Theory $-a\\cdot b$")

axl.bar(x + w / 2, E_sim, w, color="#2980b9", label="Simulated",
yerr=E_err, capsize=4, ecolor="#1b2631",
error_kw={"elinewidth": 1.0})

axl.axhline(0, color="k", 1lw=0.6)

26



446 ax1l.set_xticks(x)

447 axl.set_xticklabels(labels)
448 axl.set_ylabel("Correlator $E$")
449 axl.set_title("Theoretical vs. simulated correlators\n"
450 r"(error bars $=3\sigma_E$)")
451 axl.set_ylim(-1.0, 1.0)
452 axl.legend(loc="upper right", fontsize=8)
453 axl.grid(True, axis="y", 1s=":", alpha=0.4)
454 for xi, (et, es) in enumerate(zip(E_th, E_sim)):
455 axl.text(xi - w / 2, et + (0.04 if et >= 0 else -0.09),
456 f'"{et:+.3f}", ha="center", fontsize=7, color="#555555")
457 axl.text(xi + w / 2, es + (0.04 if es >= 0 else -0.09),
458 f'"{es:+.3f}", ha="center", fontsize=7, color="#1b4f72")
459
460 # Right panel: classical vs quantum CHSH |S/
461 cats = ["Classical\nmax", "Quantum\n(sim.)", "Tsirelson\nbound"]
462 vals = [CLASSICAL_BOUND, abs_S, TSIRELSON_BOUND]
463 errs = [0.0, 3.0 * sigma_S_analytic, 0.0]
464 colors = ["#7£8c8d", "#27ae60", "#c0392b"]
465 xb = np.arange(len(cats))
466 ax2.bar(xb, vals, 0.6, color=colors, yerr=errs, capsize=5,
467 ecolor="#1b2631", error_kw={"elinewidth": 1.2})
468 ax2.axhline (CLASSICAL_BOUND, color="#2c3e50", 1ls=":", 1lw=1.2)
469 ax2.set_xticks(xb)
470 ax2.set_xticklabels(cats)
471 ax2.set_ylabel(r"$|S|$")
472 ax2.set_title("CHSH: classical vs. quantum")
173 ax2.set_ylim(0, 3.1)
474 for xi, v in enumerate(vals):
475 ax2.text(xi, v + 0.05, f"{v:.4f}", ha="center", fontsize=8)
A76 ax2.text(1, abs_S / 2, f"{n_sigma_classical:.0f}$\\sigma$\nabove\nclassical",
477 ha="center", va="center", fontsize=8, color="white", weight="bold")
A78 ax2.grid(True, axis="y", ls=":", alpha=0.4)
479
480 fig.suptitle("Quantum Monte Carlo verification of CHSH Bell-inequality "
481 "violation", fontsize=12, y=1.02)
482 fig.tight_layout ()
483 for ext in ("png", "pdf"):
484 fig.savefig(f"{FIGURES}/mc_correlators.{ext}", bbox_inches="tight")
485 plt.close(fig)
486 log(f" wrote {FIGURES}/mc_correlators.png / .pdf")
487
488 # - 9. Success-criteria report #
489 log("=" * 70)
490 log("SUCCESS CRITERIA CHECK")
491 sc = summary["success_criteria"]
492 log(f" [{'PASS' if sc['shots_ge_1e5'] else 'FAIL'}] "
493 f"shots per correlator = {N_SHOTS:,} (>= 1e5)")
494 log(f" [{'PASS' if sc['absS_matches_tsirelson_within_uncertainty'] else 'FAIL'}] "
495 f"|S_est| = {abs_S:.6f} matches 2*sqrt(2) = {TSIRELSON_BOUND:.6f} "
496 f"within uncertainty (|diff| = {abs(abs_S - TSIRELSON_BOUND):.2el}, "
497 f"{dev_from_tsirelson_sigma:.2f} sigma)")
498 log(f" [{'PASS' if sc['classical_violation_gt_400_sigma'] else 'FAIL'}] "
499 f"classical bound violated by {n_sigma_classical:.1f} sigma (> 400)")
500 log("=" * 70)
501 log(f"Total runtime: {time.time() - tO0:.1f} s")
502 log("Step 2 complete.")
503
504
505 if __name__ == "__main__":
506 main()
Listing 3: 02_quantum_monte_carlo.py — Born-rule inverse-CDF sampling, correlator and

CHSH estimation, analytic and bootstrap error analysis, and convergence study.

C.3 Local hidden-variable model and sweep

1 #!/usr/bin/env python3

o mun

Step 3: Local Hidden Variable (LHV) Model Implementation & Bell Bound Sweep.
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4

5 Implements the standard Bell (1964) sign-based 3D unit-vector local hidden

6 variable model for the spin-1/2 singlet and demonstrates numerically that the

7 CHSH parameter of any local model obeys the Bell bound |S| <= 2, in contrast to
8 the quantum Tsirelson bound |S| = 2*sqrt(2) established in Steps 1 and 2.

12 Hidden variable lambda: unit vector uniformly distributed on the sphere S72.

13 A(a, lambda) = sign(a . lambda) in {+1, -1} (Alice)

14 B(b, lambda) = -sign(b . lambda) in {+1, -1} (Bob)

15 The minus sign guarantees perfect anti-correlation E(a,a) = -1 when the two
16 detector settings coincide, matching the singlet.

17

18 Analytic correlation (exact, over the uniform measure on S72)

19 E_LHV(a, b) = -1 + 2%theta/pi , theta = arccos(a . b) in [0, pi].
20 Quantum correlation (from Steps 1-2)

21 E_QM(a, b) = -cos(theta).

22

23 Convention (identical to Steps 1-2):

24 CHSH S = E(a,b) - E(a,b') + E(a',b) + E(a',b').

25

26 Key physics result
27
28 Because the sign model is a genuine deterministic local hidden variable model,
29 Bell's theorem guarantees |S_LHV| <= 2 for ALL measurement configurations.

30 At the optimal *quantum* settings (0, 90, 45, 135 deg) the linear correlation
31 E = -1 + 2xtheta/pi yields S_LHV = -2 EXACTLY: the LHV model *saturates* the

32 classical bound (|S| = 2) but never exceeds it, whereas quantum mechanics
33 reaches 2*sqrt(2) ~= 2.8284. (Note: an earlier task draft quoted |S_LHV| ~ 1.414
34 here; the mathematically exact value for the specified sign model is 2.0 -- see

35 README for the full derivation. The scientific conclusion, |S_LHV| <= 2 < 2*sqrt(2),

36 is unchanged and in fact strengthened by the saturation.)

37

38 Outputs

39| ——————-

40 results/lhv_sweep_results.csv (1074 random-configuration correlators + S)
41 results/lhv_summary.json (parameters, validation, sweep statistics)
42 results/lhv_validation.csv (E(theta): MC vs analytic vs quantum)
43 figures/lhv_vs_quantum_correlation.{png,pdf}

44 figures/lhv_s_distribution.{png,pdf}

45 logs/03_1hv_model.log

46 nnn

47

48 from __future__ import annotations

49

50 import json

51 import platform

52 import sys

53 import time

54 from datetime import datetime, timezone

55 from pathlib import Path

56

57 import matplotlib

5

IS
©

matplotlib.use("Agg") # non-interactive backend
60 import matplotlib.pyplot as plt

61 import numpy as np

62 import pandas as pd

63 import scipy

64

65 # #
66 # Configuration

67 # #

68 SESSION_DIR = Path("/app/sandbox/session_20260713_122312_cdac5e36d818")
69 RESULTS_DIR = SESSION_DIR / "results"

70 FIGURES_DIR SESSION_DIR / "figures"

71 LOGS_DIR = SESSION_DIR / "logs"

72 for d in (RESULTS_DIR, FIGURES_DIR, LOGS_DIR):

73 d.mkdir(parents=True, exist_ok=True)

74

75 SEED = 42

76 N_VALIDATION = 1_000_000 # hidden variables per theta point (Step 2)
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148
149

N_THETA_POINTS = 61 # theta grid points in [0, pi]

N_OPTIMAL_SHOTS = 1_000_000 # hidden variables for the optimal-settings check (Step 3)
N_CONFIG = 10_000 # random measurement configurations (Step 4)
N_SHOTS = 100_000 # hidden variables per configuration (Step 4)

CLASSICAL_BOUND
TSIRELSON_BOUND

2.0
2.0

* np.sqrt(2.0)

_LOG_LINES: list[str] = []

def log(msg: str) -> None:
"""Print and buffer a timestamped log line."""
stamp = datetime.now(timezone.utc).strftime("%H:%M:%S")
line = f"[{stamp}] {msgl}"
print(line, flush=True)
_LOG_LINES.append(line)
# #
# Core LHV model
# #
def sample_sphere(n: int, rng: np.random.Generator) -> np.ndarray:
"""Draw ~'n°" points uniformly on the unit sphere S”2.
Uses the isotropic-Gaussian method: normalizing i.i.d. N(0,1) 3-vectors
yields an exactly uniform distribution on S”2 (rotationally invariant).
Parameters
n : int
Number of unit vectors to draw.
rng : numpy.random.Generator
Seeded random generator.
Returns
numpy .ndarray, shape (n, 3)
Unit vectors on S72.
nnn
v = rng.standard_normal((n, 3))
norms = np.linalg.norm(v, axis=1, keepdims=True)
# Guard against the (measure-zero) all-zero draw.
norms [norms == 0.0] = 1.0
return v / norms
def alice_outcome(a: np.ndarray, lam: np.ndarray) -> np.ndarray:
"""A(a, lambda) = sign(a . lambda) in {+1, -1} (0 -> +1, measure zero)."""
s = np.sign(lam @ a)
s[s == 0.0] = 1.0
return s
def bob_outcome(b: np.ndarray, lam: np.ndarray) -> np.ndarray:
"""B(b, lambda) = -sign(b . lambda) in {+1, -1} (0 -> -1, measure zero)."""
s = np.sign(lam @ b)
s[s == 0.0] = 1.0
return -s
def E_lhv_mc(a: np.ndarray, b: np.ndarray, lam: np.ndarray) -> float:
"""Monte Carlo LHV correlator E = <A(a) * B(b)> over hidden variables lam."""
return float(np.mean(alice_outcome(a, lam) * bob_outcome(b, lam)))
def angle_between(a: np.ndarray, b: np.ndarray) -> float:
"""Angle theta = arccos(a . b) in [0, pi] between unit vectors a and b."""
return float(np.arccos(np.clip(float(a @ b), -1.0, 1.0)))
def E_lhv_analytic(a: np.ndarray, b: np.ndarray) -> float:

"""Exact LHV correlation E = -1 + 2*theta/pi (theta = angle between a,b)."""
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150 return -1.0 + 2.0 * angle_between(a, b) / np.pi

153 def E_quantum(a: np.ndarray, b: np.ndarray) -> float:

154 """Quantum singlet correlation E = -cos(theta) = -(a . b)."""
155 return -float(np.clip(float(a @ b), -1.0, 1.0))
156

157

158 def unit_xy(angle_deg: float) -> np.ndarray:

159 """Unit vector in the x-y plane at "~“angle_deg "~ degrees from +x."""
160 t = np.deg2rad(angle_deg)

161 return np.array([np.cos(t), np.sin(t), 0.01)

162

163

164 def chsh(E_ab: float, E_abp: float, E_apb: float, E_apbp: float) -> float:

165 """CHSH combination S = E(a,b) - E(a,b') + E(a',b) + E(a',b')."""

166 return E_ab - E_abp + E_apb + E_apbp

167

168

169 # #
170 # Step 2: walidate E_LHV(theta) = -1 + 2 theta / pi via 10 6-sample MC

171 # #
172 def validate_correlation(rng: np.random.Generator) -> pd.DataFrame:

173 """Sweep theta in [0, pil, comparing MC LHV, analytic LHV and quantum E."""
174 log(f"Step 2: validating E_LHV(theta) with N={N_VALIDATION:,} shots per point "
175 f"over {N_THETA_POINTS} theta grid points.")

176 lam = sample_sphere(N_VALIDATION, rng) # reuse the same lambda sample across theta
177 a = np.array([1.0, 0.0, 0.0])

178 A = alice_outcome(a, lam) # depends only on lam xz -> compute once

179

180 thetas = np.linspace(0.0, np.pi, N_THETA_POINTS)

181 rows = []

182 t0 = time.time()

183 for i, th in enumerate(thetas):

184 b = np.array([np.cos(th), np.sin(th), 0.0])

185 B = -np.sign(lam @ b)

186 B[B == 0.0] = -1.0

187 E_mc = float(np.mean(A * B))

188 E_an = -1.0 + 2.0 * th / np.pi

189 E_gm = -np.cos(th)

190 sigma = float(np.sqrt(max(1.0 - E_mc**2, 0.0) / N_VALIDATION))

191 rows.append (

192 dict(theta_rad=float(th), theta_deg=float(np.rad2deg(th)),

193 E_lhv_mc=E_mc, sigma_E_lhv_mc=sigma,

194 E_lhv_analytic=E_an, E_quantum=E_qgm,

195 abs_err_mc_vs_analytic=abs(E_mc - E_an))

196 )

197 if i % 156 == 0 or i == len(thetas) - 1:

198 log(f" theta={np.rad2deg(th):6.1f} deg | E_mc={E_mc:+.5f} "

199 f"E_an={E_an:+.5f} E_gm={E_qm:+.5f} "

200 f"|mc-an|={abs(E_mc - E_an):.2e}")

201 df = pd.DataFrame(rows)

202 max_err = df["abs_err_mc_vs_analytic"].max()

203 log(f"Step 2 done in {time.time() - tO0:.1f}s. "

204 f"Max |E_mc - E_analytic| = {max_err:.3el} "

205 f"(consistent with MC error ~ {1.0/np.sqrt(N_VALIDATION):.2e}).")

206 return df

207

208

209 # #
210 # Step 3: CHSH at the optimal quantum settings (0, 90, 45, 135 deg)

211 # #
212 def evaluate_optimal_settings(rng: np.random.Generator) -> dict:

213 """Compute S_LHV (analytic + MC) at the optimal quantum CHSH settings."""
214 log("Step 3: evaluating S_LHV at optimal quantum settings "

215 "(a,a',b,b') = (0, 90, 45, 135) deg.")

216 a = unit_xy(0.0)

217 ap = unit_xy(90.0)

218 b = unit_xy(45.0)

219 bp = unit_xy(135.0)

220

221 # Ezact analytic correlators.

222 E_an = {
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223 "ab": E_lhv_analytic(a, b),

224 "abp": E_lhv_analytic(a, bp),

225 "apb": E_lhv_analytic(ap, b),

226 "apbp": E_lhv_analytic(ap, bp),

227 }

228 S_an = chsh(E_an["ab"], E_an["abp"], E_an["apb"], E_an["apbp"])

229

230 # Quantum correlators for reference.

231 E_gqm = {

232 "ab": E_quantum(a, b),

233 "abp": E_quantum(a, bp),

234 "apb": E_quantum(ap, b),

235 "apbp": E_quantum(ap, bp),

236 }

237 S_qm = chsh(E_qm["ab"], E_qm["abp"], E_qm["apb"], E_gqm["apbp"])

238

239 # Monte Carlo correlators (independent lambda sample per pair).

240 E_mc = {}

241 for key, (u, w) in {"ab": (a, b), "abp": (a, bp),

242 "apb": (ap, b), "apbp": (ap, bp)}.items():

243 lam = sample_sphere (N_OPTIMAL_SHOTS, rng)

244 E_mc[key] = E_lhv_mc(u, w, lam)

245 S_mc = chsh(E_mc["ab"], E_mc["abp"], E_mc["apb"], E_mc["apbp"])

246 sigma_S_mc = float(np.sqrt(sum(max(1.0 - E_mc[k] #* 2, 0.0) / N_OPTIMAL_SHOTS
247 for k in E_mc)))

248

249 log(f" Analytic correlators: {{{', '.join(f'{k}:{v:+.4f}' for k,v in E_an.items())}}}")
250 log(f" MC correlators: {{{', '.join(f'{k}:{v:+.4f}' for k,v in E_mc.items())}}}")
251 log(f" S_LHV (analytic) = {S_an:+.6f} -> |[S_LHV| = {abs(S_an):.6£}")

252 log(f" S_LHV (MC, N={N_OPTIMAL_SHOTS:,}) = {S_mc:+.6f} +/- {sigma_S_mc:.6£f}")
253 log(f" S_quantum = {S_gm:+.6f} -> [S_QM| = {abs(S_gm):.6f} (Tsirelson)")
254 log(f" Classical bound = {CLASSICAL_BOUND}; the LHV model SATURATES it "

255 f"(|S_LHV| = {abs(S_an):.4f}) but does NOT exceed it.")

256

257 return {

258 "settings_deg": {"a": 0.0, "a_prime": 90.0, "b": 45.0, "b_prime": 135.0},
259 "E_analytic": E_an,

260 "E_mc": E_mc,

261 "E_quantum": E_gm,

262 "S_lhv_analytic": S_an,

263 "abs_S_lhv_analytic": abs(S_an),

264 "S_lhv_mc": S_mc,

265 "sigma_S_lhv_mc": sigma_S_mc,

266 "S_quantum": S_gm,

267 "abs_S_quantum": abs(S_qgm),

268 "n_shots_per_correlator": N_OPTIMAL_SHOTS,

269 "note": (

270 "For the standard sign-based LHV model E_LHV = -1 + 2xtheta/pi, the "
271 "exact CHSH value at the optimal quantum settings is [S_LHV| = 2.0 "
272 "(saturation of the classical Bell bound), NOT 1.414. Quantum "

273 "mechanics reaches 2*sqrt(2) ~= 2.8284 at these same settings."

274 ),

275 ¥

276

277

278 # #
279 # Step 4: sweep over 1074 random measurement configurations

280 # #
281 def sweep_configurations(rng: np.random.Generator) -> pd.DataFrame:

282 """Sweep N_CONFIG random settings; MC + analytic CHSH per configuration."""
283 log(f"Step 4: sweeping N_config={N_CONFIG:,} random configurations, "

284 f"N_shots={N_SHOTS:,} hidden variables each "

285 f"(total {N_CONFIG * N_SHOTS:,} lambda draws).")

286

287 # Pre-draw all measurement settings (4 unit vectors per configuration).

288 a_all = sample_sphere(N_CONFIG, rng)

289 ap_all = sample_sphere(N_CONFIG, rng)

290 b_all = sample_sphere(N_CONFIG, rng)

291 bp_all = sample_sphere(N_CONFIG, rng)

292

293 records = np.empty((N_CONFIG, 10), dtype=np.float64) # 4 mc E, 4 an E, S_mc, S_an
294 settings = np.concatenate([a_all, ap_all, b_all, bp_alll, axis=1) # (V,12)
295 thetas = np.empty((N_CONFIG, 4), dtype=np.float64)
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297 t0 = time.time()

208 for i in range(N_CONFIG):

299 a, ap, b, bp = a_all[i], ap_all[il, b_all[i], bp_all[i]
300 lam = sample_sphere(N_SHOTS, rng)

301

302 A = np.sign(lam @ a); A[A == 0.0] = 1.0

303 Ap = np.sign(lam @ ap); Ap[Ap == 0.0] = 1.0

304 Bb = -np.sign(lam @ b); Bb[Bb == 0.0] = -1.0

305 Bbp = -np.sign(lam @ bp); Bbp[Bbp == 0.0] = -1.0

306

307 E_ab = float(np.mean(A * Bb))

308 E_abp = float(np.mean(A * Bbp))

309 E_apb = float(np.mean(Ap * Bb))

310 E_apbp = float(np.mean(Ap * Bbp))

311 S_mc = chsh(E_ab, E_abp, E_apb, E_apbp)

312

313 E_ab_an = E_lhv_analytic(a, b)

314 E_abp_an = E_lhv_analytic(a, bp)

315 E_apb_an = E_lhv_analytic(ap, b)

316 E_apbp_an = E_lhv_analytic(ap, bp)

317 S_an = chsh(E_ab_an, E_abp_an, E_apb_an, E_apbp_an)

318

319 records[i] = (E_ab, E_abp, E_apb, E_apbp,

320 E_ab_an, E_abp_an, E_apb_an, E_apbp_an, S_mc, S_an)
321 thetas[i] = (angle_between(a, b), angle_between(a, bp),
322 angle_between(ap, b), angle_between(ap, bp))
323

324 if i % 500 == 0 or i == N_CONFIG - 1:

325 elapsed = time.time() - tO

326 rate = (i + 1) / elapsed if elapsed > O else 0.0
327 eta = (N_CONFIG - i - 1) / rate if rate > 0 else 0.0
328 log(f" config {i + 1:>6}/{N_CONFIG} "

329 £"({100 * (i + 1) / N_CONFIG:5.1f}%) | "

330 £f"S_mc={abs(S_mc):.4f} S_an={abs(S_an):.4f} | "
331 f"{rate:6.0f} cfg/s | ETA {eta:5.1f}s")

332

333 df = pd.DataFrame ({

334 "config_id": np.arange(N_CONFIG),

5 "a_x": settings[:, 0], "a_y": settings[:, 1], "a_z": settings[:, 2],

6 "ap_x": settings[:, 3], "ap_y": settings[:, 4], "ap_z": settings[:, 5],

337 "b_x": settings[:, 6], "b_y": settings[:, 7], "b_z": settings[:, 8],
338 "bp_x": settings[:, 9], "bp_y": settings[:, 10], "bp_z": settings[:, 11],
339 "theta_ab": thetas[:, 0], "theta_abp": thetas[:, 1],

340 "theta_apb": thetas[:, 2], "theta_apbp": thetas[:, 3],

341 "E_ab_mc": records[:, 0], "E_abp_mc": records[:, 1],

342 "E_apb_mc": records[:, 2], "E_apbp_mc": records[:, 3],

343 "E_ab_analytic": records[:, 4], "E_abp_analytic": records[:, 5],

344 "E_apb_analytic": records[:, 6], "E_apbp_analytic": records[:, 7],

345 "S_lhv_mc": records[:, 8], "abs_S_lhv_mc": np.abs(records[:, 8]),

346 "S_lhv_analytic": records[:, 9], "abs_S_lhv_analytic": np.abs(records[:, 91),
347 i)

348 log(f"Step 4 done in {time.time() - tO0:.1fl}s.")

349 return df

350

351

352 # == == == - #
353 # Figures

354 # #
355 def _style() -> None:

356 plt.rcParams.update ({

357 "font.family": "sans-serif", "font.size": 9,

358 "axes.linewidth": 0.6, "figure.dpi": 120,

359 "savefig.bbox": "tight",

360 i)

361

362

363 def figure_correlation(df_val: pd.DataFrame) -> None:

364 """E(theta): quantum -cos vs LHV linear (amalytic + MC)."""

365 _style(Q)

366 fig, (ax, axd) = plt.subplots(

367 2, 1, figsize=(7.0, 6.2), sharex=True,

368 gridspec_kw={"height_ratios": [3, 1]})
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369

370 th = df_val["theta_deg"].to_numpy()

371 ax.plot(th, df_val["E_quantum"], color="#1f77b4", 1lw=2.0,

372 label=r"Quantum: $E_{QM}=-\cos\theta$")

373 ax.plot(th, df_val["E_lhv_analytic"], color="#d62728", lw=2.0, ls="--",
374 label=r"LHV analytic: $E_{LHV}=-1+2\theta/\pi$")

375 ax.errorbar(th, df_val["E_lhv_mc"],

376 yerr=3.0 * df_val["sigma_E_lhv_mc"],

377 fmt="0", ms=3.5, color="#2cal02c", capsize=1.5, 1w=0.8,
378 label=fr"LHV Monte Carlo ($N=10"6%, $\pm 3\sigma$)")
379 for x in (45, 135):

380 ax.axvline(x, color="grey", ls=":", 1lw=0.7, alpha=0.6)

381 ax.axhline(0.0, color="k", 1lw=0.4, alpha=0.4)

382 ax.set_ylabel (r"Correlation $E(\theta)$")

383 ax.set_title("Spin-correlation law: quantum singlet vs. local hidden variable model")
384 ax.legend(loc="upper left", frameon=False, fontsize=8)

385 ax.set_ylim(-1.08, 1.08)

386 ax.grid(alpha=0.2, 1lw=0.4)

387

388 diff = df_val["E_quantum"] - df_val["E_lhv_analytic"]

389 axd.plot(th, diff, color="#9467bd", lw=1.6)

390 axd.fill_between(th, diff, 0, color="#9467bd", alpha=0.15)

391 axd.axhline(0.0, color="k", 1lw=0.4)

392 for x in (45, 135):

393 axd.axvline(x, color="grey", 1s=":", 1lw=0.7, alpha=0.6)

394 axd.set_xlabel(r"Relative measurement angle $\theta$ (degrees)")
395 axd.set_ylabel (r"$E_{QM}-E_{LHV}$")

396 axd.set_x1im(0, 180)

397 axd.set_xticks(range(0, 181, 30))

398 axd.grid(alpha=0.2, 1lw=0.4)

399

400 fig.tight_layout()

401 for ext in ("png", "pdf"):

402 fig.savefig(FIGURES_DIR / f"lhv_vs_quantum_correlation.{ext}",
403 dpi=300 if ext == "png" else None)

404 plt.close(fig)

405 log("Saved figures/lhv_vs_quantum_correlation.{png,pdf}")

406

407

408 def figure_s_distribution(df_sweep: pd.DataFrame, opt: dict) -> None:
409 """Distribution of |S_LHV| over random configs vs Bell & Tsirelson bounds."""
410 _style(Q)

411 s_mc = df_sweep["abs_S_lhv_mc"].to_numpy ()

412 s_an = df_sweep["abs_S_lhv_analytic"].to_numpy()

413

414 fig, ax = plt.subplots(figsize=(7.2, 4.8))

415 bins = np.linspace(0.0, TSIRELSON_BOUND + 0.05, 90)

416 ax.hist(s_an, bins=bins, color="#d62728", alpha=0.55, density=True,
417 label=f"LHV analytic (max={s_an.max():.4f})")

418 ax.hist(s_mc, bins=bins, color="#2ca02c", alpha=0.45, density=True,
419 label=fr"LHV Monte Carlo ($N_{{shots}}=10"5$, max={s_mc.max():.4f})")
420

421 ax.axvline (CLASSICAL_BOUND, color="k", 1lw=2.0, ls="-",

422 label=r"Classical Bell bound $|S|=2$")

423 ax.axvline (TSIRELSON_BOUND, color="#1f77b4", 1lw=2.0, ls="--",

424 label=fr"Tsirelson bound $2\sqrt{{2}}\approx{TSIRELSON_BOUND:.4f}$")
425 ax.axvspan (CLASSICAL_BOUND, TSIRELSON_BOUND, color="#1f77b4", alpha=0.06)
426 ax.text(0.5 * (CLASSICAL_BOUND + TSIRELSON_BOUND), ax.get_ylim()[1] * 0.5,
427 "quantum-only\nregion\n(forbidden to LHV)",

428 ha="center", va="center", fontsize=8, color="#1f77b4d")

429

430 ax.set_xlabel (r"CHSH parameter $|S_{LHV}|$")

431 ax.set_ylabel("probability density")

432 ax.set_title(

433 fr"$|S_{{LHV}}|$ over ${N_CONFIG:,}$ random configurations: "
434 fr"100% obey the Bell bound $|S|\leq 2$".replace(",", r"{,}"))
435 ax.set_x1im(0, TSIRELSON_BOUND + 0.05)

436 ax.legend(loc="upper left", frameon=False, fontsize=8)

437 ax.grid(alpha=0.2, 1lw=0.4)

438

439 fig.tight_layout()

440 for ext in ("png", "pdf"):

441 fig.savefig(FIGURES_DIR / f"lhv_s_distribution.{ext}",
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442 dpi=300 if ext == "png" else None)

443 plt.close(fig)

444 log("Saved figures/lhv_s_distribution.{png,pdf}")

445

446

447 # #
448 # Main

449 # #
450 def main() -> None:

451 log("=" * 70)

452 log("Step 3: Local Hidden Variable model & Bell bound sweep")

453 log(£"SEED={SEED} | numpy={np.__version__} | scipy={scipy.__version__} "
454 f"| pandas={pd.__version__}")

455 log("=" % 70)

456 rng = np.random.default_rng(SEED)

457

458 # Step 2: correlation-law validation.

459 df _val = validate_correlation(rng)

460 df_val.to_csv(RESULTS_DIR / "lhv_validation.csv", index=False)

461 log("Saved results/lhv_validation.csv")

462

463 # Step 3: optimal-settings evaluation.

464 opt = evaluate_optimal_settings(rng)

465

466 # Step 4: random-configuration sweep.

467 df _sweep = sweep_configurations(rng)

468 df _sweep.to_csv(RESULTS_DIR / "lhv_sweep_results.csv", index=False)

469 log(f"Saved results/lhv_sweep_results.csv ({len(df_sweep):,} rows)")

470

471 # -—-—- Compliance analysis #
472 s_mc = df_sweep["abs_S_lhv_mc"].to_numpy()

473 s_an = df_sweep["abs_S_lhv_analytic"].to_numpy()

474 TOL = 1e-9 # numerical tolerance for the exzact analytic bound

475

476 n_viol_an = int(np.sum(s_an > CLASSICAL_BOUND + TOL))

477 n_viol_mc = int(np.sum(s_mc > CLASSICAL_BOUND))

478 # For MC configs that nmominally exceed 2, check they are consistent with the
479 # analytic value (<=2) within finite-sample noise (sigma_S ~ 2/sqrt(N_shots)).
480 sigma_S_typ = 2.0 / np.sqrt(N_SHOTS)

481 mc_excess = s_mc — CLASSICAL_BOUND

482 mc_over_mask = s_mc > CLASSICAL_BOUND

483 max_excess_sigma = (float(np.max(mc_excess[mc_over_mask]) / sigma_S_typ)
484 if mc_over_mask.any() else 0.0)

485

486 log("-" % 70)

487 log("COMPLIANCE ANALYSIS (Bell bound [S| <= 2)")

488 log(f" Analytic (exact) : max|S_LHV| = {s_an.max():.6f} "

489 f"mean = {s_an.mean():.6f} violations = {n_viol_an}/{N_CONFIG}")

490 log(f" Monte Carlo : max|S_LHV| = {s_mc.max():.6f} "

491 f"mean = {s_mc.mean():.6f} nominal>2 = {n_viol_mc}/{N_CONFIG}")

492 if n_viol_mc:

493 log(f" -> {n_viol_mc} MC configs marginally exceed 2 by <= "

494 f"{max_excess_sigma:.2f} sigma (finite-sample noise, "

495 f"sigma S ~ {sigma_S_typ:.4f}); the EXACT analytic value is <= 2 for all.")
496 else:

497 log(" -> no MC configuration exceeds 2.")

498 analytic_compliant = n_viol_an ==

499 log(f" 100% compliance (exact/analytic): {analytic_compliant}")

500 log("-" % 70)
501

502 # —-—-—— Figures #

503 figure_correlation(df_val)

504 figure_s_distribution(df_sweep, opt)

505

506 # --—— Summary JSON #

507 max_err_val = float(df_val["abs_err_mc_vs_analytic"].max())

508 summary = {

509 "description": (

510 "Step 3: explicit 3D unit-vector local hidden variable (LHV) model "
511 "for the singlet, with a 1074-configuration CHSH sweep demonstrating "
512 "|S_LHV| <= 2 (Bell bound) versus the quantum Tsirelson bound 2*sqrt(2)."
513 Do

514 "model": {
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585
586

587

"hidden_variable": "lambda uniform on S”2 (unit sphere in R73)",
"alice": "A(a,lambda) = sign(a . lambda) in {+1,-1}",
"bob": "B(b,lambda) = -sign(b . lambda) in {+1,-1}",

"analytic_correlation": "E_LHV(a,b) = -1 + 2*theta/pi, theta=arccos(a.b)",
"quantum_correlation": "E_QM(a,b) = -cos(theta) = -a.b",
"chsh_convention": "S = E(a,b) - E(a,b') + E(a',b) + E(a',b")",
To
"bounds": {
"classical_bell_bound": CLASSICAL_BOUND,
"tsirelson_bound": TSIRELSON_BOUND,
}’
"parameters": {
"seed": SEED,
"n_validation_shots_per_theta": N_VALIDATION,
"n_theta_points": N_THETA_POINTS,
"n_optimal_shots_per_correlator": N_OPTIMAL_SHOTS,
"n_config": N_CONFIG,
"n_shots_per_config": N_SHOTS,
To

"correlation_validation": {
"max_abs_error_mc_vs_analytic": max_err_val,
"expected_mc_error_scale": float(1.0 / np.sqrt(N_VALIDATION)),
"agrees_with_analytic": bool(max_err_val < 5.0 / np.sqrt(N_VALIDATION)),
To
"optimal_settings_result": opt,
"sweep_result": {
"n_config": N_CONFIG,
"n_shots_per_config": N_SHOTS,
"analytic": {
"max_abs_S": float(s_an.max()),
"min_abs_S": float(s_an.min()),
"mean_abs_S": float(s_an.mean()),
"std_abs_S": float(s_an.std()),
"n_violations_gt_2": n_viol_an,
"fraction_compliant": float(np.mean(s_an <= CLASSICAL_BOUND + TOL)),
"argmax_config_id": int(np.argmax(s_an)),
T
"monte_carlo": {
"max_abs_S": float(s_mc.max()),
"min_abs_S": float(s_mc.min()),
"mean_abs_S": float(s_mc.mean()),
"std_abs_S": float(s_mc.std()),
"n_nominal_gt_2": n_viol_mc,
"max_excess_over_2_in_sigma'": max_excess_sigma,
"typical_sigma_S": float(sigma_S_typ),
T
Fo
"success_criteria": {
"lhv_model_3d_unit_vector": True,
"sweep_10000_configs": N_CONFIG == 10_000,
"no_analytic_violation_of_bell_bound": analytic_compliant,
"max_abs_S_le_2_exact": bool(s_an.max() <= CLASSICAL_BOUND + TOL),
"optimal_settings_abs_S_below_tsirelson": bool(
opt["abs_S_lhv_analytic"] < TSIRELSON_BOUND),
"all_pass": bool(
analytic_compliant
and N_CONFIG == 10_000
and s_an.max() <= CLASSICAL_BOUND + TOL
and opt["abs_S_lhv_analytic"] < TSIRELSON_BOUND

),

1,

"notes": [
"Any deterministic local hidden variable model obeys the CHSH "
"inequality |S| <= 2 (Bell's theorem); the analytic sweep confirms "
"this exactly for all 1074 configurations.",
"At the optimal quantum settings (0,90,45,135 deg) the sign-based LHV "
"model gives |S_LHV| = 2.0 exactly: it SATURATES the classical bound "
"but never exceeds it, while quantum mechanics reaches 2*sqrt(2).",
"Monte Carlo |S| values may marginally exceed 2.0 only by finite-sample "
"statistical noise (order 1/sqrt(N_shots)); the exact analytic value "
"is <= 2 for every configuration.",

1,

"provenance": {

35



588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618

"script": "workflow/03_lhv_model.py",
"python_version": platform.python_version(),
"numpy_version": np.__version__,
"scipy_version": scipy.__version__,
"pandas_version": pd.__version__,
"matplotlib_version": matplotlib.__version__,
"timestamp_utc": datetime.now(timezone.utc).isoformat(),
o
}
with open(RESULTS_DIR / "lhv_summary.json", "w") as f:
json.dump (summary, f, indent=2)
log("Saved results/lhv_summary.json")
# --—— Final console summary --—-— - #
10g("=” * 70)
log("STEP 3 COMPLETE")
log(f" Optimal-settings [S_LHV| = {opt['abs_S_lhv_analytic'l:.4f} "
f" (exact; saturates Bell bound 2.0)")
log(f" Optimal-settings |S_QM| = {opt['abs_S_quantum']:.4f} (Tsirelson 2*sqrt(2))")
log(f" Sweep max|S_LHV| analytic = {s_an.max():.6f} (<= 2, {N_CONFIG:,} configs)")
log(f" Sweep max|S_LHV| MC = {s_mc.max():.6£}")
log(f" 100% Bell-bound compliance (exact): {analytic_compliant}")
log(f" All success criteria pass : {summary['success_criteria']['all_pass']}")
log("=" * 70)
with open(LOGS_DIR / "03_lhv_model.log", "w") as f:
f.write("\n".join(_LOG_LINES) + "\n")
if __name__ == "__main__":

sys.exit(main())

Listing 4: 03_lhv_model.py — Bell sign-model outcomes, analytic correlation —1 + 26/,
correlation validation, optimal-settings evaluation, and 10%-configuration CHSH sweep.

D Reproducibility and Environment

All results were generated on a Linux platform (kernel 6.12, glibc 2.36) with Python 3.12.10.
The random-number generator was NumPy’s PCG64, seeded at 42 for all simulations and 43
for the bootstrap resampling, ensuring bit-for-bit reproducibility. The quantum Monte Carlo
stage used 10° shots per correlator (4 x 10° state preparations) and 1000 bootstrap replicates;
the local hidden-variable sweep used 10* measurement configurations with 10° samples each
and a 61-point, 10-sample-per-point correlation validation. Package versions: NumPy 2.5.1,
SciPy 1.18.0, SymPy 1.14.0, pandas 3.0.5, Matplotlib 3.11.1. Raw data and summary files
accompany the report in the data/ directory; the executable scripts are in code/.
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